B

VECTORS

Inday to day life Stuations, we ded with physical quantities such asdistance, Speed, temperature,
volume etc. These quantities are sufficient to describe change of position, rate of change of
position, body temperature or temperature of acertain place and space occupied in a confined
portion respectively. We aso come across physica quantities such as dispacement, velocity,

accd eration, momentum etc. which are of a difficult type.

Let us consder the following Stuation. Let A, B, Cand D be
four pointsequidistant (say 5 km each) from afixed point P. If
you are asked to travel 5 km from the fixed point P, you may
resch a@ther A, B, C, or D. Therefore, only starting (fixed
point) and distance covered are not sufficient to describe the
destination. We need to specify end point (termind point) dso.
Thisideaof termind point from thefixed point givesriseto the

need for direction.

Congder ancther example of a moving bdl. If we wish to
predict the pogition of the ball a any time what are the basics

we must know to make such a prediction?

Let the bal be initidly at a certain point A. If it were known that the ball travelsin a straight
line a a speed of Scm/sec, can we predict its podtion after 3 seconds ? Obvioudy not.
Perhaps we may conclude that the ball would be 15 cm away from the point A and therefore
it will be at some point on the circle with A as its centre and radius 15 cms. So, the mere

knowledge of speed and time taken are not sufficient to
predict the position of the bal. However, if we know
that the ball movesin a direction due east from A a a
speed of 5cm/sec., then we shall be able to say that
after 3 seconds, the ball must be precisely at the point P
whichis 15 cmsin the direction east of A.

Thus, to study the displacement of a ball after timet (3
seconds), we need to know the magnitude of its speed
(i.e. 5 cm/sec) and dsoitsdirection (east of A)

Inthislessonwewill be deding with quantitieswhich have
megnitude only, called scdars and the quantities which
have both magnitude and direction, cdled vectors. We
will represent vectors as directed line segments and

Fig. 32.1
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determine their magnitudes and directions. We will study about various types of vectors and
perform operations on vectors with properties thereof. We will aso acquaint ourselves with
position vector of apoint w.r.t. some origin of reference. We will find out the resolved parts of
avector, in two and three dimensions, aong two and three mutualy perpendicular directions
respectively. Wewill aso derive section formulaand gpply that to problems. Wewill aso define
scalar and vector products of two vectors.

[Dossecrives

After sudying thislesson, you will be ableto :

explain the need of mentioning direction;

define ascalar and a vector;

distinguish between scalar and vactor;

represent vectors as directed line segment;

determine the magnitude and direction of avector;

classfy different types of vectors-null and unit vectors,

define equdity of two vectors,

define the pogition vector of a point;

add and subtract vectors,

multiply a given vector by ascdar;

state and use the properties of various operations on vectors,
comprehend the three dimensiond space;

resolve a vector dong two or three mutualy prependicular axes,
derive and use section formulg; and

define scalar (dot) and vector (cross) product of two vectors.

EXPECTED BACKGROUND KNOWLEDGE

° Knowledge of plane and coordinate geometry.

° Knowledge of Trigonometry.

32.1 SCALARSAND VECTORS

A physical quantity which can berepresented by anumber only isknown asascalar i.e, quantities
which have only magnitude. Time, mass, length, speed, temperature, volume, quantity of hest,
work done etc. are dl scalars.

The physica quantities which have magnitude as wel as direction are known as vectors.
Displacement, velocity, acceleration, force, weight etc. are all examples of vectors.

32.2VECTOR ASA DIRECTED LINE SEGMENT
Y oumay recdl thet aline ssgment isaportion of agiven linewith two end points. Take any line

|
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| (cdled asupport). The portion of L with end points A and B iscalled ! !
aline ssgment. The line ssgment AB dong with direction from A to B

is written as A_ﬁ and is called a directed line segment.A and B are
respectively caled the initid point and termina point of the vector

AL
Thelength AB is cdled the magnitude or modulus of AD
and is denoted by |A73]. In other wordsthelength AB = [A13]-

Fig. 32.3

Scalarsare usually represented by a, b, c etc. whereasvectorsareusudly denotedby 3, b, ¢
etc. Magnitude of avector g i.e., | a|isusualy denoted by 'a.

32.3 CLASSIFICATION OF VECTORS

32.3.1 Zero Vector (Null Vector)
A vector whose magnitude is zero is called a zero vector or null vector. Zero vector has not

definite direction. E{ BI are zero vectors. Zero vectorsis also denoted by 0 todistinguish
it from the scdar 0.

32.3.2 Unit Vector
A vector whose magnitude is unity is called aunit vector. So for aunit vector @, |a|=1. A
unit vector isusualy denotedby 3. Thus, a=|al a.

32.3.3 Equal Vectors ?
Two vectors g and b aresaid to beequd if they havethe /

same magnitude. i.e, | a| = | b | and the same direction as 2
shownin Fig. 32.4. Symbolicaly, itisdenotedby 3 = b. Fig. 32.4

Remark : Two vectors may be equd even if they have
different pardld lines of support.

3234 LikeVectors

Vectors are said to be like if they have same direction
whatever be their magnitudes. In the adjoining Fig. 32.5,

AL and CD> arelike vectors, athough their magnitudes are
not same.

32.3.5 Negative of a Vector B

BA iscaled the negative of the vector A_J'J, when they have the
same magnitude but opposite directions.

—_ —

e BA——\R A
32.3.6 Co-initial Vectors A

Two or more vectors having the sameinitid point are called Co-initial vectors. Fig. 326
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—_ — C
In the adjoining figure, ALY, AD and AC: are co-initid vectors
with the sameinitid point A. 5
32.3.7 Callinear Vectors
> B

Vectorsare said to be collinear whenthey arepardld tothesame A

line whatever be their magnitudes. In the adjoining figure, A_'B, Fig. 32.7
65 and E are callinear vectorsA_ﬁ and H{ areasocollinear.
A B C D
E F

Vectors are said to be co-planar when they are pardle to

the same plane. Inthe adjoining figure @, b, ¢ and d are

Fig. 328 /
32.3.8 Co-planar Vectors
—

co-planar. Whereas a, b and ¢ lie on the same plane,

d ispardld totheplaneof a, b and ¢ . Fig. 32.9

Note: (i) A zero vector can be made to be collinear with any vector.
@)  Any two vectors are dways co-planar.

=enllXrMl Siaie which of thefollowing are scalars and which are vectors. Givereasons,

@ Mass (b) Weight (© Momentum
(d) Temperature  (€) Force () Densty

Solution : (), (d) and (f) are scalars because these have only magnitude while (b), (c) and (€)
are vectors as these have magnitude and direction as well.

el Represent graphicaly

(8 aforce 40N in adirection 60° north of east.
(b) aforce of 30N in adirection 40° east of north.

Solution :
@ N «20n= (D) N
4¢N —_—
a0 N
407
B0 _
w = w >E
8 s
Fig. 32.10 Fig. 32.11
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Q CHECK YOUR PROGRESS 32.1

Which of the following isa scdar quantity ?
(&) Digplacement (b) Veocity  (c) Force (d) Length.

2. Which of the following is a vector quantity ?
(& Mass (b) force (c) time(d) tempertaure

3. Youaregivenadisplacement vector of 5 cm dueeast. Show by adiagram the corresponding
negative vector.

4.  Digtinguish between like and equd vectors.

5.  Represent graphicaly
(a) aforce 60 Newton is adirection 60° west of north.
(b) aforce 100 Newton in adirection 45° north of west.

32.4 ADDITION OF VECTORS

Recdl that you have learnt four fundamenta operations viz. addition, subtraction, multiplication
and divison on numbers. The addition (subtraction) of vectorsis different from that of numbers
(scalars).

Infact, thereisthe concept of resultant of two vectors (these could be two velocities, two forces
etc.) Weillugrate thiswith the help of the following example :

L et ustake the case of aboat-man trying to cross ariver in aboat and reach aplace directly in
the line of gart. Even if he garts in a direction perpendicular to the bank, the water current
caries him to a place different from the place he desired., which is an example of the effect of
two velodities resulting in athird one called the resultant velocity.

Thus, two vectorswith magnitudes 3 and 4 may not result, on addition, in avector with magnitude
7. Itwill depend on thedirection of thetwo vectorsi.e., on the angle between them. The addition
of vectors is done in accordance with the triangle law of addition of vectors.

32.4.1 Triangle Law of Addition of Vectors B

A vector whose effect is equa to the resultant (or combined)
effect of two vectorsis defined as the resultant or sum of these
vectors. Thisisdone by the triangle law of addition of vectors.

In the adjoining Fig. 32.12 vector D_ﬁ is the resultant or sum of

vectors OA and Al and iswritten as
—_

OA + ALl = OB

ie 2+ B =0n= ¢ Fig. 32.12
Y ou may note that the terminal point of vector a istheinitia point of vector b and theinitial
pointof a+ b istheinitid pointof a anditstermina point isthe termina pointof b .
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32.4.2 Addition of morethan two Vectors

Addition of more then two vectors is shown in the adjoining figure

a+ b+ c+d

= AR +RC+CD-DT

%
—— = — a+b+c+d
TAC+CD+ DI
_ —_
~“AD-DL
= AE |
The vector AE, iscalled thesum or the resuitant vector o$
of the given vectors. _

Fig. 32.13
3243 Paralldogram Law of Addition of Vectors
Recall that two vectors are equa when their magni- ¢ B
tude and direction are the same. But they could be
pardld [refer to Fig. 32.14]. — .,
a )
See the pardldogram OABC in the adjoining figure : b
We have, OA + AR - O o X
_— — A
But AT = OC e
- OA+0C - OB Fig. 32.14

which isthe pardldogram law of addition of vectors. If two vectors are represented by the
two adjacent sdesof a parallelogram, then their resultant isrepresented by thediagonal
through the common point of the adjacent sdes.

32.4.4 Negative of a Vector
For any vector a = a&,thenegativeof a isrepresented by ﬁ).Thenegativeof AQ isthe
sameas OA . Thus |OA | = | a0 = | 2| and DA =-A0. Itfollowsfrom definition thet for any
vector a, a+(-a)= 0.

32.4.5 The Difference of Two Given Vectors

For two given vectors a and b, thedifference a- C

b isdefined asthesum of a and the negative of
thevector b.i.e, a-b= a +(-b). 5

D

Intheadjoining figureif (
lelogram OABC, CR =

= a then, inthepaa-

>

ol
_
'

and =-b

N -CRB+BA- a-b Fig. 32.15

el \\hen isthe sum of two non-zero vectors zero ?

| 6 | MATHEMATICS



Solution : The sum of two non-zero vectors is zero when they have the same magnitude but
opposite direction.

EIX 22 W Show by adiagrama+ b= b+ a

Solution : From the adjoining figure, resultant

- OA + AT /
)

=a+b
Complete the pardlelogram OABC

=

ol

OC—-AR=D,CB-0A= a O >

L OB -0C+C Fig. 32.16

! 4+ b= pra [Fom@and(i]

Q CHECK YOUR PROGRESS 32.2

1.  Thediagondsof the paralelogram ABCD inter-
sect at the point O. Find the sum of the vectors o)

— L JE—
OA, O3, OC and OD.

Fig. 32.17

2.  Themediansof thetriangle ABC intersect at the
point O. Find the sum of the vectors OA, OB F E
and OC: .

32.5 POSITION VECTOR OF A POINT Fig. 32.18

We fix an arbitrary point O in space. Given any point Pin space,

we join it to O to get the vector OP . Thisis caled the pogition
vector of the point P with repect to O, cdled the origin of refer-
ence. Thus, to each given point in spacethere correspondsaunique
position vector with respect to a given origin of reference. Con-
varsdy, given anorigin of reference O, to each vector with theinitid
point O, corresponds a point namely, itstermind point in space. O > B
Consder avector AB. Let O bethe origin of reference.

—_— —_— —_— —_— —_— —_— Fig. 32.19
Then G+ AR-OB or A — OR — OA

~

or AB= (Position vector of termind point B)—(Pogtion vector of initid point A)
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32.6 MULTIPLICATION OF A VECTOR BY A SCALAR

The product of a non-zero vector a by thescdar x # 0 is a vector whose length is equa to
| x | | 'a | andwhosedirectionisthesameasthat of a if x >0and oppostetothat of a if x <O,
The product of the vector a by the scdar x isdenoted by x a.

The product of vector a by the scalar O isthe vector 0.
By the definition it follows that the product of a zero vector by any non-zero scdar isthe zero

vectorie,x 0 =0 ;dsw0a= 0.

Laws of multiplication of vectors: If a and b arevectorsand x, y are scalars, then

() x(ya) =(xy)a

(ii) xatya=(x+y)a

iy xa+xb=x(a+Db)

vy 0a+x0=0

Recdl that two collinear vectors have the same direction but may have different magnitudes.

Thisimpliesthet a is collinear with a non-zero vector b if and only if there exists a number
(scdar) x such that

a=xb

IEOE U7 A necessary and sufficient condition for two vectors aand b to be col-

linear isthat there exist sclars x and y (not both zero smultaneoudly) suchthat x a+ y b = 0.
The Condition is hecessary

Proof : Let aand b becollinear. Thenthereexitsascalar | suchthat a =1 b
e, a+(-)b=10

LI Weareabletofind sclarsx (= 1) and y (= -1) suchtha x a+yb = 0
Note that the scalar 1 is non-zero.
The Condition is sufficient
ltisnowgiventha  x a+yb = 0 and x # 0 and y # O Smuitaneoudly.
Wemay assumethat y # 0
L] yb=-xa 0 b=-23 ie, bad a aecdline.
y
Corollary : Twovectors aand b are non-callinear if and only if every relaion of the form

x a+yb = 0 givenasx=0andy = 0.

| 8 | MATHEMATICS



[Hint : If any oneof x andy isnon-zerosay y, thenweget b = -

=ENI¥e2AY Find the number x by which the non-zero vector a be multiplied to get

() a (i) -a

a whichisacontradiction]

< | x

Solution: () xa = & e, x|ala=a
1

0 X=—
| a|

(ii) xa=-a ie, x|ala=-a
1
X=-—
A | a

NENIERZAY Thevectors aand b arenot collinear. Find x such that the vector
¢=(x-2a+badd=2x+la-b
Solution : ¢ isnon-zero sincethe co-efficient of b is non-zero.

LI Thereexistsanumbery suchthat d =y ¢

ie. (2x+ha-b=y(x-2a+yb

U (yx-2y-2x-Da+(y+)b=0

As aand b arenon-collinesr.

L yx =2y =2x—-1=0andy+1=0
1

Solvingtheseweget y = -1 and X = 3

This ¢=-2a+badd=2a-b

3 3

Wecanseethat ¢ and d are opposite vectors and hence are collinear.

SEnlEX7ZAM The position vectors of two points A and B are 2 a+3 Db and 3a+ b

respectively. Find AD.
Solution : Let O be the origin of reference.

Then _/\__ﬁ = Pogition vector of B — Position vector of A
= O - OA
= (3a+ b) - (2a+3b)
=(3-2a+(1-3)b=23-2pb
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SRR Show that the points P, Q and R with positionvectors a— 2 b, 2 a+ 3 Db

and - 7 b respectively are collinear.

Solution : P_Q> = Position vector of Q — Position vector of P

(2 a+3b) - (a-2b)
a+5b ()
and (Tf{ = Postion vector of R — Position vector of Q

= -7b-(2a+3b)

=-7b-2a-3b

=-2a-10b

= —2(3+56) (i
From (i) and (ii) we get P_(j =2 CTli ascdar multiple of (ﬁi

— —

L PQ [ QR
But Q isacommon point

LI P_(;;andaliareoollineer. Hence points P, Q and R are collinear.

Q CHECK YOUR PROGRESS 32.3

1.  Theposition vectorsof thepoints A and B are aand b respectively with respect toa
given origin of reference. Find AL.
Interpret each of the following :

() 3a (i) -5b

N

3. The position vectors of points A, B, C and D are respectively 2a, 3B, 4 a+3 Db
and a+ 2B . Find DB and AC..

4, Find the magnitude of the product of avector n by ascdary.
5. State whether the product of avector by ascdar isascaar or avector.
6. State the condition of collinearity of two vectors p and g .

7. Show that the pointswith positionvectors 5a+ 6 b, 7a—-8b axd3a+ 20 b are
collinear.

32.7 CO-PLANARITY OF VECTORS

Given any two non-collinear vectors a and b, they can bemadeto liein oneplane. There(in
the plane), the vectors will be intersecting. We take their common point as O and let the two

MATHEMATICS



vectors be DA and OR. Given a third vector ¢,
coplanar with @ and b, wecan chooseitsinitia point
dso as O. Let C beits termind point. With OC. as

diagona complete the pardldlogramwith aand b
as adjacent Sides.

—

¢c=la+mb
Thus any ¢, coplanar with aand Db,

ible asalinear combinationof aand b. Fig. 32.20
i.e

IS express-

c=la+mb-

32.8 RESOLUTION OF A VECTOR ALONG TWO
PERPENDICULAR AXES

Consder two mutudly perpendicular unit vectors

i and ] dong two mutualy perpendicular axes
OX and QY . We have seen abovethat any vector r

¥ intheplanecf | and ], canbewritteninthe
fom ¢ = xj+yj

If O istheinitid point of r , then OM = x and
— —
ON =y and OM and ON are caled the

component vectorsof t aong x-axisand y-axis. 0 v >\

_b _> . - .
OM and ON , inthisspecid case, aredsocalled
the resolved parts of r

329 RESOLUTION OF A VECTOR IN THREE DIMENSIONS
ALONG THREE MUTUALLY PERPENDICULAR AXES

The concept of resolution of a vector in three dimen- 7
sonsdong three mutudly perpendicular axesisan ex-
tenson of the resolution of a vector in a plane dong ¢ B’
two mutually perpendicular axes.

Fig. 32.21

Any vector 1 in space can be expressed as a linear
combination of three mutudly perpendicular unit vec- 7k

tors i, ] and k asisshownintheadjoining Fig. 32.22. O
We complete the rectangular parallelopiped with /u o V] R

—> g . -
QP = r asitsdiagond : /S
X Fig. 32.22

then T =xi+yj+zk
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Xi, y] and zk are called the resolved patsof r aong three mutually perpendicular axes.
Thusany vector r inspaceisexpressibleasalinear combination of three mutually perpendicu-
lar unit vectors i , jandKk.

Refer to Fig. 32.21inwhich OP? = OM2 + ON2 (Two dimensions)

or 2=xZ+y2 Q)
andinFig. 32.22
OP? = OA? + OB? + OC?
12 =x2 + v2+z22 e (i)
Magnitudeof T =| ¥ | in caseof M) is Jx2 +y2

and (i) is \x2 + y2 + 22
Note : Given any three non-coplanar vectors a, band ¢ (not necessarily mutually
perpendicular unit vectors) any vector d is expressible as alinear combination of
a, bad ¢,ie, d=xa+yb+z¢

el RYA A vector of 10 Newton is 30° north of east. Find its components dong east

and north directions.

Solution : Let | and ] bethe unit vectors adong (EZ and OY (East and North respectively)
Resolve OP in the direction OX and OY .

_— > —

LI OF =0OM + ON Y Nurth
=10cos30° | +108n30°] NI o
|
~ ~ |
=10.£i +1o.ij N I
2 2 (g i
~ o 1) Newlon
=5J371 +5] |
3000 | X Lagt
L) Component dong (i) East = 5,/3 Newton 0 > M >
1
(ll) North = 5 Newton Fig. 32.23

Show that the following vectors are coplanar :
a-2Db,3a+b ad a+4b
Solution : The vectors will be coplanar if there exigs scdars x and y such that
a+4b = x(a-2b) +y(3a+Db)
=(x+3y)a+(22+y)b e 0

MATHEMATICS



Comparing the co-efficientsof aand b on both sides of (i), we get
X+3y=1and -2x+ y=4

. . . 11 6
which on solving, gives X = —7 andy = 7
As a+ 4D isexpressbleintermsof a—2b and 3 a+ b, hence the three vectors are|
coplanar.
SENERZAMl Given r; =i -] +k and r, = 2i — 4] - 3k, find the magnitudes of
@n (b) 1 (© n+r () 112
Solution :

@ g7 -] k) =12 (92 23

B |5|= 2442 { 3 =29

© n+r=(-j+k + (2 -4]-3k) =3 -5] -2k

N |G+ |53 -5 K| 5382 €52 (2 <38

d n-r,=( 4 k) 2 4 3k & 3j+ak+

U 1A =T+ a Ak = (D2 + 32+ 42 =26
Determine the unit vector paraldl to the resultant of two vectors
a=3+2]-4k and B =i+]+2k
Solution : Theresultant vector R = a+ b = (3i + 2] — 4K) + (i +] + 2K)
= 4i + 3] - 2k

Magnitude of the resultant vector R is| R | = {42 +32 + (-2)2 = +/29
LI Theunit vector pardlel to the resultant vector
R 1

P 4 - 3 ~ 2 -
— == (4i+ 3] - 2Kk) = I+ - k
R BT s s

=NENEKzAk] Find aunit vector inthedirectionof r— s

whee T =i+2j -3k and S =20 -]+ 2k

Solution: - "= +] 8k) {2 | 2k)
= - +3j-5k
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U T8 ()2 (3)2 4 (5)2 = V3B
L Unit vector inthedirectionof (- 3)

- l(—€+3?—5l2)=— 1}_'_ 3]?_ 5
I35 ’ NN N

GO LEZRE] Find aunit vector inthedirectionof 2 a+ 3B where @ =i + 3] +k and

b =3 -2 -k.

k

Solution: 2 3+ 3b = 2(i +3] +k) +3(31 —2j )

= (21 +6] +2k) +(9 -6] —3K)

= 11i - k.
i |28+3B | =4/(1)? + (-1)? =122
_ _ o ~ 11 - 1 -
LI Unit vector in the direction of (2 a+ 3b) '54122| ‘lezk

SYETlERYAE Show that the following vectors are coplanar :

A%-2B-2¢, —2a+4b-2¢ ad 2a-2b+4¢ where &, b and ¢ arethree
non-coplanar vectors.

Solution : If these vectors be co-planar, it will be possible to express one of them as alinear
combination of other two.

Let -2a 2b 4c x(4a 2b Zc) wW( 2a 4B 2e)
wherex and y are scdars,
Comparing the co-efficientsof a, B and ¢ from both sides, we get

dx -2y = -2, -2x+4y=-2and -2x -2y =4
Thesethree equationsare satisfied by x = -1, y = —1Thus,

-2a 2b 4c X H(4a 2b 2¢) (HM)€2a 4bF 2cy

Hence the three given vectors are co-planar.

Q CHECK YOUR PROGRESS 32.4

1.  Writetheconditiontha a,p and ¢ are co-planar.

2.  Determine the resultant vector t whose components along two rectangular Cartesian
co-ordinate axes are 3 and 4 units repectively.

MATHEMATICS



3. Intheadjoining figure: Z
|OA |=4, |OB|=3and C
| OC | = 5. Express OPin terms of its P
component vectors. yd
4 IfF =4 +] -4k, 5 =-2 +2] + 3% and y
f3 =i +3j -k then show that 0 &
I A
| nt+ b+ |=7: X Fig. 32.24
5. Determine the unit vector parald to the resultant of vectors:
a=2+4-5k axd B =i +2]+ 3K
6.  Find a unit vector in the direction of vector 3a-2b where a =i - j-k and

b=i+]+k.
7. Show that the following vectors are co-planar :

3a-7b-4¢,3a-2b+¢ anda+b+2¢ where @, B and ¢ arethreenon-
coplanar vectors.

32.10 SECTION FORMULA

Recdl that the position vector of apoint P is space with respect to an origin of reference O is

—

T =0P.
In the following, we try to find the pogition vector of apoint dividing aline ssgment joining two
pointsintheratiom: ninternaly.

Fig. 32.25

Let A and B betwo pointsand aand b betheir position vectorsw.r.t. the origin of reference
O, so that a&: aand O_ﬁ =p.
Let Pdivide AB intheratio m: n so that
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- = or, n =m wall
PB n
— —_—

Snce nAP = mPB, it follows that

. — —_ —
n(QOP- OA)= m(Q1x OP)

— e —
or (M+n) OP= MO NOA
_—b —
or Op = _mUB — nOA
: m+n
- b+n a
or 2 _ mb+na

m+n

where T isthe position vector of P with respect to O.

Corollary 1: If % =1 [ m=n, then P becomes mid-pairt of AB.

LI The position vector of the mid-point of the join of two given points, whose position vectors
are a and B,isgivenby% (a+ b).

Corallary 2 : The position vector P can aso be written as

_,+mB . N
;o _arkb )
1+M 1+k » . (i)
n
where :E,ki_l.
n

(i) represents the position vector of apoint which dividesthejoin of two pointswith position
vectors aand b, intheratiok : 1.
Corallary 3: The pogtion vector of apoint Pwhich dividesAB intheratiom : n externdly

is
= _n a-mb’
n-m
[Hint : Thisdivisonisintheraio—m:n|

eI Find the position vector of apoint which dividesthejoin of two pointswhose

position vectorsare given by X and 37 intheratio 2 : 3interndly.
Solution : Let T be the position vector of the point.
L 3X+2y _

1. - -
L r=——2 =_(3x+2y).
3+2 5( y)

SelnfolXraNd Find the postion vector of mid-point of the line ssgment AB, if the position

MATHEMATICS



vectors of A and B are respectively, X+ 2y and 2 X— Y .
Solution : Pogtion vector of mid-point of AB
_ (x+2y)+ 2X-y)
2

3. 1.
==X+
5 y

=ETl3ezAk] The position vectors of vertices A, B and C of AABC are a, hand ¢
respectively. Find the position vector of the centroid of AABC.
Solution : Let D be the mid-point of sde BC of AABC.

Let G bethecentroid of AABC . Then GdividesAD
intheratio2:1i.e AG:GD=2:1.

N |-

-

A(d)

* (7
b+ c’
) 1
2 B(b) C{Ty
D

Now position vector of D is

b+c . =
" . = "+ .
LI Postion vector of Gis 2 2 Da Fig. 32.26

2+1

a+ b+ ¢
3

Q CHECK YOUR PROGRESS 32.5

1 1
1.  Findthe postion vector of the point C if itdividesABintheratio(i)E : 3

(i) 2 : - 3, given that the position vectorsof A and B are aand b respectively.
Find the point which dividesthejoin of P(p) and Q(q) internaly intheratio 3: 4.
CD istrisected at points P and Q. Find the position vectors of points of trisection, if the

position vectors of C and D are ¢ and d respectively
4.  Using vectors, prove that the medians of atriangle are concurrent.

5. Udng vectors, prove tha the line segment joining the mid-points of any two sdes of a
triangle is pardld to the third Sde and is haf of it.

32.11 PRODUCT OF VECTORS

In Section 32.9, you have multiplied a vector by a scdar. The product of vector with a scalar
gives us a vector quantity. In this section we shdl take the case when a vector is multiplied by
another vector. There are two cases:

()  When the product of two vectorsis a scaar, we cal it a scalar product, aso known as

| Notes
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dot product corresponding to the symbol '« * used for this product.

(i)  When the product of two vectorsis a vector, we cal it avector product, aso known as
cross product corresponding to the symbol 'x ' used for this product.

32.12 SCALAR PRODUCT OF THE VECTORS

Let aand b two vectors and @ be the angle
between them. The scaar product, denoted by

2, b, isdefined by
adb=|2a||b|cosO

Clealy, allb isascdaras| a |, | b | and cos8

aedl scaars. —

a
Remarks

Fig. 32,27
1. If aand b arelikevectors, then allb = ab cos8 = ab, where aand b are magnitudes
of aand b.
2. If aand b areunlikevectors, then alb = ab cosmt = -ab
alb
lal|b |

4. Angle 9 between the vectors aand b isgiven bycos =

5. alb = bla and al{br cF (ddk & c).
6. n(alb) = (na)b= adnb) wherenisany red number.

~

7. id=jf=kR=1andif=jk=kb=0asi, ] ad k are mutually

perpendicular unit vectors.
If a=3 +2]—6kand B = 4] - 3] + K, find &b .
Also find angle between aand b.
Solution: 3B = (3 + 2] - 6k) [{4i - 3] +k)
=3x4+2x(-3)+(-6)x1

H-id=j0=kk=1andi§=jCk =kO=0F

=12-6-6 =0
Let @ bethe angle between the vectors aand b
alb
Then c0sf = ——=0
lallb]
T
0=—
- 2
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32.13VECTOR PRODUCT OF TWO VECTORS

Before we define vector product of two vectors, we discuss bel ow right handed and left handed
screw and associate it with corresponding vector triad.

32.13.1 Right Handed Screw

If ascrew istaken and rotated in the anticlockwise direction, it trand ates towards the reader. It |
iscdled right handed screw.
32.13.2 L eft handed Screw

If ascrew istaken and rotated in the clockwise direction, it trandates away from the reader. Itis
caled aleft handed screw.

Now we associate a screw with given ordered vector triad.
Let a,p and ¢ bethree vectorswhoseinitid point is O.

=
e Tr\nn 0
KR

(i) (i)
Fig. 32.28

Now if aright handed screw at O isrotated froma towards b through an angle <180°, it will
undergo atrandaion dong ¢ [Fig. 32.28 (i)]

Smilarly if aleft handed screw a O s rotated from ato B through an angle <180°, it will

undergo atrandation dong ¢ [Fig. 32.28 (ii)]. This time the direction of trandation will be
opposite to the first one.

Thus an ordered vector triad a, b, ¢ issaidto beright handed or left handed according asthe
right handed screw trandated dlong ¢ or opposite to ¢ whenit is rotated through an angle less

than 180°.
vy " /
Let aand b betwo vectorsand g betheangle

32.13.3 Vector product

between them such thatQ < © < 1t. The vector n
productof aand b isdenotedby ax B andis g
defined as the vector

4\

a

ax B =|a||B|sn6 n where Aistheunit Fig. 82.29

OPTIONAL - |

Vectors and three
dimensional Geometry

Notes

MATHEMATICS



e

OPTIONAL - |

Vectors and three
dimensional Geometry

vector perpendicular to both aand B suchthat a, pand [ form aright handed triad of
vectors.

Ramark

1. Clealy ax B = - Bx a

Notes

2. 3xa=0
3. ,i\XiAzj\xjAzlz XR =0
4. ixj=k,jxk=i,kxi=j,andjxi=-k, kxj=-,ixk=-]

5. If axb'=0,thendther a=C or b=0 or a| b.
6. @ isnotdefinedif any orbothof aand b are 0 .As 0 hasnodirection and so N isnot

defined. Inthiscase ax b = 0 .

—

7. ax(b+c)=axb+axc.

Q CHECK YOUR PROGRESS 32.6

Find the angle between two vectors
@ 3i+2] -3k and 2 + 3]+ 4k.(b) 2i +] -3k and 31 - 2] +k

4l LET USSUM UP

° A physica quantity which can be represented by anumber only is caled ascdar.

° A quantity which has both magnitude and direction is called a vector.

. A vector whose magnitudeis'a and direction from A to B can berepresented by Al ad
its magnitude is denoted by | Al |=a

° A vector whose magnitudeis equal to the magnitude of another vector a but of opposite
direction is caled negative of the given vector and is denoted by — 3.

. A unit vector is of magnitude unity. Thus, aunit vector pardle to aisdenoted by a and

isequd to %.
| a|
. A zero vector, denoted by 7, is of magnitude O while it has no definite direction.

° Unlike addition of scaars, vectors are added in accordance with triangle law of addition
of vectorsand therefore, the magnitude of sum of two vectorsisawayslessthan or equa

to sum of thelr magnitudes.

MATHEMATICS



Two or more vectors are said to be collinear if their supports are the same or paralldl.

Three or more vectors are said to be coplanar if their supports are paralle to the same
plane or lie on the same plane.

If & isavector and x isascaar, thenx a isavector whose magnitudeis| x| timesthe

magnitudeof a and whose direction is the same or opposite to that of 3 depending

uponx >0or x <O.

Any vector co-planar with two given non-collinear vectors is expressible as ther linear
combination.

Any vector in gpace is expressible as a linear combination of three given non-coplanar
vectors.

The pogition vector of apoint that dividesthe line ssgment joining the points with position
vectors aand b intheratio of m: ninterndly/externdly are given by
na+tmb ’ na-mb respectively.
m+n n-m
The position vector of mid-point of the line segment joining the points with postion vec-
tors aand b isgivenby

a+ b
2
The scalar product of two vectorsa and bisgivenby allb=| a| | b | cos6, where
9 istheanglebetween aand B .

Thevector product of two vectors 3 and b isgivenby ax b'4a[]|b]|sn6nwhere
g istheanglebetween 3, Band Nisaunit vector perpendicular totheplaneof 3 and

5

b.

e SUPPORTIVE WEBSITES

http: //mmw.wikipedia.org
http://mathwor|d.wolfram.com

[
Q'l\ TERMINAL EXERCISE

1.

Let a, Band ¢ bethreevectorssuch that any two of them are non-collinear. Find their
sumif thevector a+ b iscollinear with the vector ¢ and if the vector b+ ¢ iscal-
linear with A .

MATHEMATICS
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10.
11.

12.

Prove that any two non-zero vectors aand b are collinear if and only if there exist
numbers x and y, both not zero smultaneoudy, suchthat x a+ y b = 0.
ABCD isapadldogram in which M is the mid-point of sde CD. Express the vectors

— — — —
B and AM interms of vectors BM and MC.

Can thelength of thevector a— b be (i) lessthan, (ii) equal to or (ii) larger than thesum
of the lengths of vectors aand b ?

Let aand b be two non-collinear vectors. Find the number x and y, if the vector
(2-x)a+ b adya+(x-3 b aeequd.
The vectors @ and B are non-collinear. Find the number x if the vector 3 a+ x b and

(1-x) a- % b aepadld.

Determine x and y such that the vector a = —2i +3j + yk is collinear with the vector
B =xi - 6]+ 2Kk . Find dso the magnitudesof aand B .

Determine the magnitudes of the vectors a+ b and a- b if a =3 - 5] + 8k and
b=+ 4 —4k.

Find aunit vector in the direction of @ where a = -6 +3j — 2k.

Find a unit vector paralld to the resultant of vectors 3i — 2] + k and —2i + 4] + k
Thefollowing forces act on aparticle P:

|31: 2 +f —3I2, F; =-3 +2f+2l2 and If3 =3 - 2]+ k measured in Newtons.
Find (a) the resultant of the forces, (b) the magnitude of the resultant.

Show that the following vectors are co-planar :

(a-2b+¢), (2a+b-3c) and (-33a+ b +2¢C)

where &, band ¢ areany three non-coplanar vectors.

MATHEMATICS
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|v| ANSWERS
CHECK YOUR PROGRESS 32.1
1. (d) 2. (b)
N
A Bem 5
A —>——B
3. W < 5cm o E
\S:
Fig. 32.30

4.  Twovectorsaresaid to belikeif they have same direction what ever be their magnitudes.
But in case of equd vectors magnitudes and directions both must be same.

5. N )
< 5ON—> 0DN \
50N
60"
w F 45
W< E
S )
Fig. 32.31 Fig. 32.32

CHECK YOUR PROGRESS 32.2

— —

1 0 2.0
CHECK YOUR PROGRESS 32.3

- -

1 b- a

2. (i) Itisavector inthedirection of a and whose magnitudesis 3timesthat of a.
(ii) It isavector in the direction opposite to that of b and with magnitude 5 times that of

-

b.

—

3. DB=b-aadAC=23a+3b.
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4, |yn|=y|n]ify>0 5. Vector
=-y|n|ify<0
=0ify=0

6. P =X g, xisanon-zero scaa.

CHECK YOUR PROGRESS 32.4

1. Ifthereexig scdlarsx andy suchthat ¢ =x a+y b

- - ~ - 2 o ~
2. r=3i +4 3. QP = 4i + 3j + 5k

1/.» ~ ~ 1 - 5 ~ 5 -

=|3i +6j] -2k | = - k
5 F(aeim) ¢ EmE

CHECK YOUR PROGRESS 32.5

1) %(2a+ 3B) (i) (34— 26)

2 %(45+3d') 3. %(26+6I), %(E+2a)
CHECK YOUR PROGRESS 32.6

1 @y ) cos™

TERMINAL EXERCISE

1. a+b+c=0
3. BD-RBM-MC, AM —BM +2VC
4. () Yes aad b areeither any non-collinear vectorsor non-zero vectorsof samedirection.

(i) Yes aand b are dither in the opposite directions or at least one of them is a zero

vector.
(iii) Yes, aand b have opposite directions.

5, x=4 y=-2 6. x=2, -1
x=4,y=-1 |a|=+14"|b |= 2414

8 |a+b|=6,]a-b|=14

9 -—i+=j —Zné 10 +
' 777 o

11. 2i+j;B

(iA + 2jA + 2l2)

Wl
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VECTORS

Inday to day life Stuations, we ded with physical quantities such asdistance, Speed, temperature,
volume etc. These quantities are sufficient to describe change of position, rate of change of
position, body temperature or temperature of acertain place and space occupied in a confined
portion respectively. We aso come across physica quantities such as dispacement, velocity,

accd eration, momentum etc. which are of a difficult type.

Let us consder the following Stuation. Let A, B, Cand D be
four pointsequidistant (say 5 km each) from afixed point P. If
you are asked to travel 5 km from the fixed point P, you may
resch a@ther A, B, C, or D. Therefore, only starting (fixed
point) and distance covered are not sufficient to describe the
destination. We need to specify end point (termind point) dso.
Thisideaof termind point from thefixed point givesriseto the

need for direction.

Congder ancther example of a moving bdl. If we wish to
predict the pogition of the ball a any time what are the basics

we must know to make such a prediction?

Let the bal be initidly at a certain point A. If it were known that the ball travelsin a straight
line a a speed of Scm/sec, can we predict its podtion after 3 seconds ? Obvioudy not.
Perhaps we may conclude that the ball would be 15 cm away from the point A and therefore
it will be at some point on the circle with A as its centre and radius 15 cms. So, the mere

knowledge of speed and time taken are not sufficient to
predict the position of the bal. However, if we know
that the ball movesin a direction due east from A a a
speed of 5cm/sec., then we shall be able to say that
after 3 seconds, the ball must be precisely at the point P
whichis 15 cmsin the direction east of A.

Thus, to study the displacement of a ball after timet (3
seconds), we need to know the magnitude of its speed
(i.e. 5 cm/sec) and dsoitsdirection (east of A)

Inthislessonwewill be deding with quantitieswhich have
megnitude only, called scdars and the quantities which
have both magnitude and direction, cdled vectors. We
will represent vectors as directed line segments and

Fig. 32.1

N

h
Fig. 32.2

-
N
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determine their magnitudes and directions. We will study about various types of vectors and
perform operations on vectors with properties thereof. We will aso acquaint ourselves with
position vector of apoint w.r.t. some origin of reference. We will find out the resolved parts of
avector, in two and three dimensions, aong two and three mutualy perpendicular directions
respectively. Wewill aso derive section formulaand gpply that to problems. Wewill aso define
scalar and vector products of two vectors.

[Dossecrives

After sudying thislesson, you will be ableto :

explain the need of mentioning direction;

define ascalar and a vector;

distinguish between scalar and vactor;

represent vectors as directed line segment;

determine the magnitude and direction of avector;

classfy different types of vectors-null and unit vectors,

define equdity of two vectors,

define the pogition vector of a point;

add and subtract vectors,

multiply a given vector by ascdar;

state and use the properties of various operations on vectors,
comprehend the three dimensiond space;

resolve a vector dong two or three mutualy prependicular axes,
derive and use section formulg; and

define scalar (dot) and vector (cross) product of two vectors.

EXPECTED BACKGROUND KNOWLEDGE

° Knowledge of plane and coordinate geometry.

° Knowledge of Trigonometry.

32.1 SCALARSAND VECTORS

A physical quantity which can berepresented by anumber only isknown asascalar i.e, quantities
which have only magnitude. Time, mass, length, speed, temperature, volume, quantity of hest,
workdoreec. aedlscalars.

The physica quantities which have magnitude as wel as direction are known as vectors.
Displacement, velocity, acceleration, force, weight etc. are all examples of vectors.

32.2VECTOR ASA DIRECTED LINE SEGMENT
Y oumay recdl thet aline ssgment isaportion of agiven linewith two end points. Take any line

|
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| (cdled asupport). The portion of L with end points A and B iscalled ! !
aline ssgment. The line ssgment AB dong with direction from A to B

is written as A_ﬁ and is called a directed line segment.A and B are
respectively caled the initid point and termina point of the vector

AL
Thelength AB is cdled the magnitude or modulus of AD
and is denoted by |A73]. In other wordsthelength AB = [A13]-

Fig. 32.3

Scalarsare usually represented by a, b, c etc. whereasvectorsareusudly denotedby 3, b, ¢
etc. Magnitude of avector g i.e., | a|isusualy denoted by 'a.

32.3 CLASSIFICATION OF VECTORS

32.3.1 Zero Vector (Null Vector)
A vector whose magnitude is zero is called a zero vector or null vector. Zero vector has not

definite direction. E{ BI are zero vectors. Zero vectorsis also denoted by 0 todistinguish
it from the scdar 0.

32.3.2 Unit Vector
A vector whose magnitude is unity is called aunit vector. So for aunit vector @, |a|=1. A
unit vector isusualy denotedby 3. Thus, a=|al a.

32.3.3 Equal Vectors ?
Two vectors g and b aresaid to beequd if they havethe /

same magnitude. i.e, | a| = | b | and the same direction as 2
shownin Fig. 32.4. Symbolicaly, itisdenotedby 3 = b. Fig. 32.4

Remark : Two vectors may be equd even if they have
different pardld lines of support.

3234 LikeVectors

Vectors are said to be like if they have same direction
whatever be their magnitudes. In the adjoining Fig. 32.5,

AL and CD> arelike vectors, athough their magnitudes are
not same.

32.3.5 Negative of a Vector B

BA iscaled the negative of the vector A_J'J, when they have the
same magnitude but opposite directions.

—_ —

e BA——\R A
32.3.6 Co-initial Vectors A

Two or more vectors having the sameinitid point are called Co-initial vectors. Fig. 326

| Notes
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—_ — C
In the adjoining figure, ALY, AD and AC: are co-initid vectors
with the sameinitid point A. 5
32.3.7 Callinear Vectors
> B

Vectorsare said to be collinear whenthey arepardld tothesame A

line whatever be their magnitudes. In the adjoining figure, A_'B, Fig. 32.7
65 and E are callinear vectorsA_ﬁ and H{ areasocollinear.
A B C D
E F

Vectors are said to be co-planar when they are pardle to

the same plane. Inthe adjoining figure @, b, ¢ and d are

Fig. 328 /
32.3.8 Co-planar Vectors
—

co-planar. Whereas a, b and ¢ lie on the same plane,

d ispardld totheplaneof a, b and ¢ . Fig. 32.9

Note: (i) A zero vector can be made to be collinear with any vector.
@)  Any two vectors are dways co-planar.

=enllXrMl Siaie which of thefollowing are scalars and which are vectors. Givereasons,

@ Mass (b) Weight (© Momentum
(d) Temperature  (€) Force () Densty

Solution : (), (d) and (f) are scalars because these have only magnitude while (b), (c) and (€)
are vectors as these have magnitude and direction as well.

el Represent graphicaly

(8 aforce 40N in adirection 60° north of east.
(b) aforce of 30N in adirection 40° east of north.

Solution :
@ N «20n= (D) N
4¢N —_—
a0 N
407
B0 _
w = w >E
8 s
Fig. 32.10 Fig. 32.11
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Q CHECK YOUR PROGRESS 32.1

Which of the following isa scdar quantity ?
(&) Digplacement (b) Veocity  (c) Force (d) Length.

2. Which of the following is a vector quantity ?
(& Mass (b) force (c) time(d) tempertaure

3. Youaregivenadisplacement vector of 5 cm dueeast. Show by adiagram the corresponding
negative vector.

4.  Digtinguish between like and equd vectors.

5.  Represent graphicaly
(a) aforce 60 Newton is adirection 60° west of north.
(b) aforce 100 Newton in adirection 45° north of west.

32.4 ADDITION OF VECTORS

Recdl that you have learnt four fundamenta operations viz. addition, subtraction, multiplication
and divison on numbers. The addition (subtraction) of vectorsis different from that of numbers
(scalars).

Infact, thereisthe concept of resultant of two vectors (these could be two velocities, two forces
etc.) Weillugrate thiswith the help of the following example :

L et ustake the case of aboat-man trying to cross ariver in aboat and reach aplace directly in
the line of gart. Even if he garts in a direction perpendicular to the bank, the water current
caries him to a place different from the place he desired., which is an example of the effect of
two velodities resulting in athird one called the resultant velocity.

Thus, two vectorswith magnitudes 3 and 4 may not result, on addition, in avector with magnitude
7. Itwill depend on thedirection of thetwo vectorsi.e., on the angle between them. The addition
of vectors is done in accordance with the triangle law of addition of vectors.

32.4.1 Triangle Law of Addition of Vectors B

A vector whose effect is equa to the resultant (or combined)
effect of two vectorsis defined as the resultant or sum of these
vectors. Thisisdone by the triangle law of addition of vectors.

In the adjoining Fig. 32.12 vector D_ﬁ is the resultant or sum of

vectors OA and Al and iswritten as
—_

OA + ALl = OB

ie 2+ B =0n= ¢ Fig. 32.12
Y ou may note that the terminal point of vector a istheinitia point of vector b and theinitial
pointof a+ b istheinitid pointof a anditstermina point isthe termina pointof b .
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32.4.2 Addition of morethan two Vectors

Addition of more then two vectors is shown in the adjoining figure

a+ b+ c+d

= AR +RC+CD-DT

%
—— = — a+b+c+d
TAC+CD+ DI
_ —_
~“AD-DL
= AE |
The vector AE, iscalled thesum or the resuitant vector o$
of the given vectors. _

Fig. 32.13
3243 Paralldogram Law of Addition of Vectors
Recall that two vectors are equa when their magni- ¢ B
tude and direction are the same. But they could be
pardld [refer to Fig. 32.14]. — .,
a )
See the pardldogram OABC in the adjoining figure : b
We have, OA + AR - O o X
_— — A
But AT = OC e
- OA+0C - OB Fig. 32.14

which isthe pardldogram law of addition of vectors. If two vectors are represented by the
two adjacent sdesof a parallelogram, then their resultant isrepresented by thediagonal
through the common point of the adjacent sdes.

32.4.4 Negative of a Vector
For any vector a = a&,thenegativeof a isrepresented by ﬁ).Thenegativeof AQ isthe
sameas OA . Thus |OA | = | a0 = | 2| and DA =-A0. Itfollowsfrom definition thet for any
vector a, a+(-a)= 0.

32.4.5 The Difference of Two Given Vectors

For two given vectors a and b, thedifference a- C

b isdefined asthesum of a and the negative of
thevector b.i.e, a-b= a +(-b). 5

D

Intheadjoining figureif (
lelogram OABC, CR =

= a then, inthepaa-

>

ol
_
'

and =-b

N -CRB+BA- a-b Fig. 32.15

el \\hen isthe sum of two non-zero vectors zero ?

| 6 | MATHEMATICS



Solution : The sum of two non-zero vectors is zero when they have the same magnitude but
opposite direction.

EIX 22 W Show by adiagrama+ b= b+ a

Solution : From the adjoining figure, resultant

- OA + AT /
)

=a+b
Complete the pardlelogram OABC

=

ol

OC—-AR=D,CB-0A= a O >

L OB -0C+C Fig. 32.16

! 4+ b= pra [Fom@and(i]

Q CHECK YOUR PROGRESS 32.2

1.  Thediagondsof the paralelogram ABCD inter-
sect at the point O. Find the sum of the vectors o)

— L JE—
OA, O3, OC and OD.

Fig. 32.17

2.  Themediansof thetriangle ABC intersect at the
point O. Find the sum of the vectors OA, OB F E
and OC: .

32.5 POSITION VECTOR OF A POINT Fig. 32.18

We fix an arbitrary point O in space. Given any point Pin space,

we join it to O to get the vector OP . Thisis caled the pogition
vector of the point P with repect to O, cdled the origin of refer-
ence. Thus, to each given point in spacethere correspondsaunique
position vector with respect to a given origin of reference. Con-
varsdy, given anorigin of reference O, to each vector with theinitid
point O, corresponds a point namely, itstermind point in space. O > B
Consder avector AB. Let O bethe origin of reference.

—_— —_— —_— —_— —_— —_— Fig. 32.19
Then G+ AR-OB or A — OR — OA

~

or AB= (Position vector of termind point B)—(Pogtion vector of initid point A)
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32.6 MULTIPLICATION OF A VECTOR BY A SCALAR

The product of a non-zero vector a by thescdar x # 0 is a vector whose length is equa to
| x | | 'a | andwhosedirectionisthesameasthat of a if x >0and oppostetothat of a if x <O,
The product of the vector a by the scdar x isdenoted by x a.

The product of vector a by the scalar O isthe vector 0.
By the definition it follows that the product of a zero vector by any non-zero scdar isthe zero

vectorie,x 0 =0 ;dsw0a= 0.

Laws of multiplication of vectors: If a and b arevectorsand x, y are scalars, then

() x(ya) =(xy)a

(ii) xatya=(x+y)a

iy xa+xb=x(a+Db)

vy 0a+x0=0

Recdl that two collinear vectors have the same direction but may have different magnitudes.

Thisimpliesthet a is collinear with a non-zero vector b if and only if there exists a number
(scdar) x such that

a=xb

IEOE U7 A necessary and sufficient condition for two vectors aand b to be col-

linear isthat there exist sclars x and y (not both zero smultaneoudly) suchthat x a+ y b = 0.
The Condition is hecessary

Proof : Let aand b becollinear. Thenthereexitsascalar | suchthat a =1 b
e, a+(-)b=10

LI Weareabletofind sclarsx (= 1) and y (= -1) suchtha x a+yb = 0
Note that the scalar 1 is non-zero.
The Condition is sufficient
ltisnowgiventha  x a+yb = 0 and x # 0 and y # O Smuitaneoudly.
Wemay assumethat y # 0
L] yb=-xa 0 b=-23 ie, bad a aecdline.
y
Corollary : Twovectors aand b are non-callinear if and only if every relaion of the form

x a+yb = 0 givenasx=0andy = 0.
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[Hint : If any oneof x andy isnon-zerosay y, thenweget b = -

=ENI¥e2AY Find the number x by which the non-zero vector a be multiplied to get

() a (i) -a

a whichisacontradiction]

< | x

Solution: () xa = & e, x|ala=a
1

0 X=—
| a|

(ii) xa=-a ie, x|ala=-a
1
X=-—
A | a

NENIERZAY Thevectors aand b arenot collinear. Find x such that the vector
¢=(x-2a+badd=2x+la-b
Solution : ¢ isnon-zero sincethe co-efficient of b is non-zero.

LI Thereexistsanumbery suchthat d =y ¢

ie. (2x+ha-b=y(x-2a+yb

U (yx-2y-2x-Da+(y+)b=0

As aand b arenon-collinesr.

L yx =2y =2x—-1=0andy+1=0
1

Solvingtheseweget y = -1 and X = 3

This ¢=-2a+badd=2a-b

3 3

Wecanseethat ¢ and d are opposite vectors and hence are collinear.

SEnlEX7ZAM The position vectors of two points A and B are 2 a+3 Db and 3a+ b

respectively. Find AD.
Solution : Let O be the origin of reference.

Then _/\__ﬁ = Pogition vector of B — Position vector of A
= O - OA
= (3a+ b) - (2a+3b)
=(3-2a+(1-3)b=23-2pb
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SRR Show that the points P, Q and R with positionvectors a— 2 b, 2 a+ 3 Db

and - 7 b respectively are collinear.

Solution : P_Q> = Position vector of Q — Position vector of P

(2 a+3b) - (a-2b)
a+5b ()
and (Tf{ = Postion vector of R — Position vector of Q

= -7b-(2a+3b)

=-7b-2a-3b

=-2a-10b

= —2(3+56) (i
From (i) and (ii) we get P_(j =2 CTli ascdar multiple of (ﬁi

— —

L PQ [ QR
But Q isacommon point

LI P_(;;andaliareoollineer. Hence points P, Q and R are collinear.

Q CHECK YOUR PROGRESS 32.3

1.  Theposition vectorsof thepoints A and B are aand b respectively with respect toa
given origin of reference. Find AL.
Interpret each of the following :

() 3a (i) -5b

N

3. The position vectors of points A, B, C and D are respectively 2a, 3B, 4 a+3 Db
and a+ 2B . Find DB and AC..

4, Find the magnitude of the product of avector n by ascdary.
5. State whether the product of avector by ascdar isascaar or avector.
6. State the condition of collinearity of two vectors p and g .

7. Show that the pointswith positionvectors 5a+ 6 b, 7a—-8b axd3a+ 20 b are
collinear.

32.7 CO-PLANARITY OF VECTORS

Given any two non-collinear vectors a and b, they can bemadeto liein oneplane. There(in
the plane), the vectors will be intersecting. We take their common point as O and let the two

MATHEMATICS



vectors be DA and OR. Given a third vector ¢,
coplanar with @ and b, wecan chooseitsinitia point
dso as O. Let C beits termind point. With OC. as

diagona complete the pardldlogramwith aand b
as adjacent Sides.

—

¢c=la+mb
Thus any ¢, coplanar with aand Db,

ible asalinear combinationof aand b. Fig. 32.20
i.e

IS express-

c=la+mb-

32.8 RESOLUTION OF A VECTOR ALONG TWO
PERPENDICULAR AXES

Consder two mutudly perpendicular unit vectors

i and ] dong two mutualy perpendicular axes
OX and QY . We have seen abovethat any vector r

¥ intheplanecf | and ], canbewritteninthe
fom ¢ = xj+yj

If O istheinitid point of r , then OM = x and
— —
ON =y and OM and ON are caled the

component vectorsof t aong x-axisand y-axis. 0 v >\

_b _> . - .
OM and ON , inthisspecid case, aredsocalled
the resolved parts of r

329 RESOLUTION OF A VECTOR IN THREE DIMENSIONS
ALONG THREE MUTUALLY PERPENDICULAR AXES

The concept of resolution of a vector in three dimen- 7
sonsdong three mutudly perpendicular axesisan ex-
tenson of the resolution of a vector in a plane dong ¢ B’
two mutually perpendicular axes.

Fig. 32.21

Any vector 1 in space can be expressed as a linear
combination of three mutudly perpendicular unit vec- 7k

tors i, ] and k asisshownintheadjoining Fig. 32.22. O
We complete the rectangular parallelopiped with /u o V] R

—> g . -
QP = r asitsdiagond : /S
X Fig. 32.22

then T =xi+yj+zk
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Xi, y] and zk are called the resolved patsof r aong three mutually perpendicular axes.
Thusany vector r inspaceisexpressibleasalinear combination of three mutually perpendicu-
lar unit vectors i , jandKk.

Refer to Fig. 32.21inwhich OP? = OM2 + ON2 (Two dimensions)

or 2=xZ+y2 Q)
andinFig. 32.22
OP? = OA? + OB? + OC?
12 =x2 + v2+z22 e (i)
Magnitudeof T =| ¥ | in caseof M) is Jx2 +y2

and (i) is \x2 + y2 + 22
Note : Given any three non-coplanar vectors a, band ¢ (not necessarily mutually
perpendicular unit vectors) any vector d is expressible as alinear combination of
a, bad ¢,ie, d=xa+yb+z¢

el RYA A vector of 10 Newton is 30° north of east. Find its components dong east

and north directions.

Solution : Let | and ] bethe unit vectors adong (EZ and OY (East and North respectively)
Resolve OP in the direction OX and OY .

_— > —

LI OF =0OM + ON Y Nurth
=10cos30° | +108n30°] NI o
|
~ ~ |
=10.£i +1o.ij N I
2 2 (g i
~ o 1) Newlon
=5J371 +5] |
3000 | X Lagt
L) Component dong (i) East = 5,/3 Newton 0 > M >
1
(ll) North = 5 Newton Fig. 32.23

Show that the following vectors are coplanar :
a-2Db,3a+b ad a+4b
Solution : The vectors will be coplanar if there exigs scdars x and y such that
a+4b = x(a-2b) +y(3a+Db)
=(x+3y)a+(22+y)b e 0

MATHEMATICS



Comparing the co-efficientsof aand b on both sides of (i), we get
X+3y=1and -2x+ y=4

. . . 11 6
which on solving, gives X = —7 andy = 7
As a+ 4D isexpressbleintermsof a—2b and 3 a+ b, hence the three vectors are|
coplanar.
SENERZAMl Given r; =i -] +k and r, = 2i — 4] - 3k, find the magnitudes of
@n (b) 1 (© n+r () 112
Solution :

@ g7 -] k) =12 (92 23

B |5|= 2442 { 3 =29

© n+r=(-j+k + (2 -4]-3k) =3 -5] -2k

N |G+ |53 -5 K| 5382 €52 (2 <38

d n-r,=( 4 k) 2 4 3k & 3j+ak+

U 1A =T+ a Ak = (D2 + 32+ 42 =26
Determine the unit vector paraldl to the resultant of two vectors
a=3+2]-4k and B =i+]+2k
Solution : Theresultant vector R = a+ b = (3i + 2] — 4K) + (i +] + 2K)
= 4i + 3] - 2k

Magnitude of the resultant vector R is| R | = {42 +32 + (-2)2 = +/29
LI Theunit vector pardlel to the resultant vector
R 1

P 4 - 3 ~ 2 -
— == (4i+ 3] - 2Kk) = I+ - k
R BT s s

=NENEKzAk] Find aunit vector inthedirectionof r— s

whee T =i+2j -3k and S =20 -]+ 2k

Solution: - "= +] 8k) {2 | 2k)
= - +3j-5k
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U T8 ()2 (3)2 4 (5)2 = V3B
L Unit vector inthedirectionof (- 3)

- l(—€+3?—5l2)=— 1}_'_ 3]?_ 5
I35 ’ NN N

GO LEZRE] Find aunit vector inthedirectionof 2 a+ 3B where @ =i + 3] +k and

b =3 -2 -k.

k

Solution: 2 3+ 3b = 2(i +3] +k) +3(31 —2j )

= (21 +6] +2k) +(9 -6] —3K)

= 11i - k.
i |28+3B | =4/(1)? + (-1)? =122
_ _ o ~ 11 - 1 -
LI Unit vector in the direction of (2 a+ 3b) '54122| ‘lezk

SYETlERYAE Show that the following vectors are coplanar :

A%-2B-2¢, —2a+4b-2¢ ad 2a-2b+4¢ where &, b and ¢ arethree
non-coplanar vectors.

Solution : If these vectors be co-planar, it will be possible to express one of them as alinear
combination of other two.

Let -2a 2b 4c x(4a 2b Zc) wW( 2a 4B 2e)
wherex and y are scdars,
Comparing the co-efficientsof a, B and ¢ from both sides, we get

dx -2y = -2, -2x+4y=-2and -2x -2y =4
Thesethree equationsare satisfied by x = -1, y = —1Thus,

-2a 2b 4c X H(4a 2b 2¢) (HM)€2a 4bF 2cy

Hence the three given vectors are co-planar.

Q CHECK YOUR PROGRESS 32.4

1.  Writetheconditiontha a,p and ¢ are co-planar.

2.  Determine the resultant vector t whose components along two rectangular Cartesian
co-ordinate axes are 3 and 4 units repectively.

MATHEMATICS



3. Intheadjoining figure: Z
|OA |=4, |OB|=3and C
| OC | = 5. Express OPin terms of its P
component vectors. yd
4 IfF =4 +] -4k, 5 =-2 +2] + 3% and y
f3 =i +3j -k then show that 0 &
I A
| nt+ b+ |=7: X Fig. 32.24
5. Determine the unit vector parald to the resultant of vectors:
a=2+4-5k axd B =i +2]+ 3K
6.  Find a unit vector in the direction of vector 3a-2b where a =i - j-k and

b=i+]+k.
7. Show that the following vectors are co-planar :

3a-7b-4¢,3a-2b+¢ anda+b+2¢ where @, B and ¢ arethreenon-
coplanar vectors.

32.10 SECTION FORMULA

Recdl that the position vector of apoint P is space with respect to an origin of reference O is

—

T =0P.
In the following, we try to find the pogition vector of apoint dividing aline ssgment joining two
pointsintheratiom: ninternaly.

Fig. 32.25

Let A and B betwo pointsand aand b betheir position vectorsw.r.t. the origin of reference
O, so that a&: aand O_ﬁ =p.
Let Pdivide AB intheratio m: n so that
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- = or, n =m wall
PB n
— —_—

Snce nAP = mPB, it follows that

. — —_ —
n(QOP- OA)= m(Q1x OP)

— e —
or (M+n) OP= MO NOA
_—b —
or Op = _mUB — nOA
: m+n
- b+n a
or 2 _ mb+na

m+n

where T isthe position vector of P with respect to O.

Corollary 1: If % =1 [ m=n, then P becomes mid-pairt of AB.

LI The position vector of the mid-point of the join of two given points, whose position vectors
are a and B,isgivenby% (a+ b).

Corallary 2 : The position vector P can aso be written as

_,+mB . N
;o _arkb )
1+M 1+k » . (i)
n
where :E,ki_l.
n

(i) represents the position vector of apoint which dividesthejoin of two pointswith position
vectors aand b, intheratiok : 1.
Corallary 3: The pogtion vector of apoint Pwhich dividesAB intheratiom : n externdly

is
= _n a-mb’
n-m
[Hint : Thisdivisonisintheraio—m:n|

eI Find the position vector of apoint which dividesthejoin of two pointswhose

position vectorsare given by X and 37 intheratio 2 : 3interndly.
Solution : Let T be the position vector of the point.
L 3X+2y _

1. - -
L r=——2 =_(3x+2y).
3+2 5( y)

SelnfolXraNd Find the postion vector of mid-point of the line ssgment AB, if the position

MATHEMATICS



vectors of A and B are respectively, X+ 2y and 2 X— Y .
Solution : Pogtion vector of mid-point of AB
_ (x+2y)+ 2X-y)
2

3. 1.
==X+
5 y

=ETl3ezAk] The position vectors of vertices A, B and C of AABC are a, hand ¢
respectively. Find the position vector of the centroid of AABC.
Solution : Let D be the mid-point of sde BC of AABC.

Let G bethecentroid of AABC . Then GdividesAD
intheratio2:1i.e AG:GD=2:1.

N |-

-

A(d)

* (7
b+ c’
) 1
2 B(b) C{Ty
D

Now position vector of D is

b+c . =
" . = "+ .
LI Postion vector of Gis 2 2 Da Fig. 32.26

2+1

a+ b+ ¢
3

Q CHECK YOUR PROGRESS 32.5

1 1
1.  Findthe postion vector of the point C if itdividesABintheratio(i)E : 3

(i) 2 : - 3, given that the position vectorsof A and B are aand b respectively.
Find the point which dividesthejoin of P(p) and Q(q) internaly intheratio 3: 4.
CD istrisected at points P and Q. Find the position vectors of points of trisection, if the

position vectors of C and D are ¢ and d respectively
4.  Using vectors, prove that the medians of atriangle are concurrent.

5. Udng vectors, prove tha the line segment joining the mid-points of any two sdes of a
triangle is pardld to the third Sde and is haf of it.

32.11 PRODUCT OF VECTORS

In Section 32.9, you have multiplied a vector by a scdar. The product of vector with a scalar
gives us a vector quantity. In this section we shdl take the case when a vector is multiplied by
another vector. There are two cases:

()  When the product of two vectorsis a scaar, we cal it a scalar product, aso known as
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dot product corresponding to the symbol '« * used for this product.

(i)  When the product of two vectorsis a vector, we cal it avector product, aso known as
cross product corresponding to the symbol 'x ' used for this product.

32.12 SCALAR PRODUCT OF THE VECTORS

Let aand b two vectors and @ be the angle
between them. The scaar product, denoted by

2, b, isdefined by
adb=|2a||b|cosO

Clealy, allb isascdaras| a |, | b | and cos8

aedl scaars. —

a
Remarks

Fig. 32,27
1. If aand b arelikevectors, then allb = ab cos8 = ab, where aand b are magnitudes
of aand b.
2. If aand b areunlikevectors, then alb = ab cosmt = -ab
alb
lal|b |

4. Angle 9 between the vectors aand b isgiven bycos =

5. alb = bla and al{br cF (ddk & c).
6. n(alb) = (na)b= adnb) wherenisany red number.

~

7. id=jf=kR=1andif=jk=kb=0asi, ] ad k are mutually

perpendicular unit vectors.
If a=3 +2]—6kand B = 4] - 3] + K, find &b .
Also find angle between aand b.
Solution: 3B = (3 + 2] - 6k) [{4i - 3] +k)
=3x4+2x(-3)+(-6)x1

H-id=j0=kk=1andi§=jCk =kO=0F

=12-6-6 =0
Let @ bethe angle between the vectors aand b
alb
Then c0sf = ——=0
lallb]
T
0=—
- 2
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32.13VECTOR PRODUCT OF TWO VECTORS

Before we define vector product of two vectors, we discuss bel ow right handed and left handed
screw and associate it with corresponding vector triad.

32.13.1 Right Handed Screw

If ascrew istaken and rotated in the anticlockwise direction, it trand ates towards the reader. It |
iscdled right handed screw.
32.13.2 L eft handed Screw

If ascrew istaken and rotated in the clockwise direction, it trandates away from the reader. Itis
caled aleft handed screw.

Now we associate a screw with given ordered vector triad.
Let a,p and ¢ bethree vectorswhoseinitid point is O.

=
e Tr\nn 0
KR

(i) (i)
Fig. 32.28

Now if aright handed screw at O isrotated froma towards b through an angle <180°, it will
undergo atrandaion dong ¢ [Fig. 32.28 (i)]

Smilarly if aleft handed screw a O s rotated from ato B through an angle <180°, it will

undergo atrandation dong ¢ [Fig. 32.28 (ii)]. This time the direction of trandation will be
opposite to the first one.

Thus an ordered vector triad a, b, ¢ issaidto beright handed or left handed according asthe
right handed screw trandated dlong ¢ or opposite to ¢ whenit is rotated through an angle less

than 180°.
vy " /
Let aand b betwo vectorsand g betheangle

32.13.3 Vector product

between them such thatQ < © < 1t. The vector n
productof aand b isdenotedby ax B andis g
defined as the vector

4\

a

ax B =|a||B|sn6 n where Aistheunit Fig. 82.29
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vector perpendicular to both aand B suchthat a, pand [ form aright handed triad of
vectors.

Ramark

1. Clealy ax B = - Bx a

Notes

2. 3xa=0
3. ,i\XiAzj\xjAzlz XR =0
4. ixj=k,jxk=i,kxi=j,andjxi=-k, kxj=-,ixk=-]

5. If axb'=0,thendther a=C or b=0 or a| b.
6. @ isnotdefinedif any orbothof aand b are 0 .As 0 hasnodirection and so N isnot

defined. Inthiscase ax b = 0 .

—

7. ax(b+c)=axb+axc.

Q CHECK YOUR PROGRESS 32.6

Find the angle between two vectors
@ 3i+2] -3k and 2 + 3]+ 4k.(b) 2i +] -3k and 31 - 2] +k

4l LET USSUM UP

° A physica quantity which can be represented by anumber only is caled ascdar.

° A quantity which has both magnitude and direction is called a vector.

. A vector whose magnitudeis'a and direction from A to B can berepresented by Al ad
its magnitude is denoted by | Al |=a

° A vector whose magnitudeis equal to the magnitude of another vector a but of opposite
direction is caled negative of the given vector and is denoted by — 3.

. A unit vector is of magnitude unity. Thus, aunit vector pardle to aisdenoted by a and

isequd to %.
| a|
. A zero vector, denoted by 7, is of magnitude O while it has no definite direction.

° Unlike addition of scaars, vectors are added in accordance with triangle law of addition
of vectorsand therefore, the magnitude of sum of two vectorsisawayslessthan or equa

to sum of thelr magnitudes.

MATHEMATICS



Two or more vectors are said to be collinear if their supports are the same or paralldl.

Three or more vectors are said to be coplanar if their supports are paralle to the same
plane or lie on the same plane.

If & isavector and x isascaar, thenx a isavector whose magnitudeis| x| timesthe

magnitudeof a and whose direction is the same or opposite to that of 3 depending

uponx >0or x <O.

Any vector co-planar with two given non-collinear vectors is expressible as ther linear
combination.

Any vector in gpace is expressible as a linear combination of three given non-coplanar
vectors.

The pogition vector of apoint that dividesthe line ssgment joining the points with position
vectors aand b intheratio of m: ninterndly/externdly are given by
na+tmb ’ na-mb respectively.
m+n n-m
The position vector of mid-point of the line segment joining the points with postion vec-
tors aand b isgivenby

a+ b
2
The scalar product of two vectorsa and bisgivenby allb=| a| | b | cos6, where
9 istheanglebetween aand B .

Thevector product of two vectors 3 and b isgivenby ax b'4a[]|b]|sn6nwhere
g istheanglebetween 3, Band Nisaunit vector perpendicular totheplaneof 3 and

5

b.

e SUPPORTIVE WEBSITES

http: //mmw.wikipedia.org
http://mathwor|d.wolfram.com

[
Q'l\ TERMINAL EXERCISE

1.

Let a, Band ¢ bethreevectorssuch that any two of them are non-collinear. Find their
sumif thevector a+ b iscollinear with the vector ¢ and if the vector b+ ¢ iscal-
linear with A .
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10.
11.

12.

Prove that any two non-zero vectors aand b are collinear if and only if there exist
numbers x and y, both not zero smultaneoudy, suchthat x a+ y b = 0.
ABCD isapadldogram in which M is the mid-point of sde CD. Express the vectors

— — — —
B and AM interms of vectors BM and MC.

Can thelength of thevector a— b be (i) lessthan, (ii) equal to or (ii) larger than thesum
of the lengths of vectors aand b ?

Let aand b be two non-collinear vectors. Find the number x and y, if the vector
(2-x)a+ b adya+(x-3 b aeequd.
The vectors @ and B are non-collinear. Find the number x if the vector 3 a+ x b and

(1-x) a- % b aepadld.

Determine x and y such that the vector a = —2i +3j + yk is collinear with the vector
B =xi - 6]+ 2Kk . Find dso the magnitudesof aand B .

Determine the magnitudes of the vectors a+ b and a- b if a =3 - 5] + 8k and
b=+ 4 —4k.

Find aunit vector in the direction of @ where a = -6 +3j — 2k.

Find a unit vector paralld to the resultant of vectors 3i — 2] + k and —2i + 4] + k
Thefollowing forces act on aparticle P:

|31: 2 +f —3I2, F; =-3 +2f+2l2 and If3 =3 - 2]+ k measured in Newtons.
Find (a) the resultant of the forces, (b) the magnitude of the resultant.

Show that the following vectors are co-planar :

(a-2b+¢), (2a+b-3c) and (-33a+ b +2¢C)

where &, band ¢ areany three non-coplanar vectors.

MATHEMATICS
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|v| ANSWERS
CHECK YOUR PROGRESS 32.1
1. (d) 2. (b)
N
A Bem 5
A —>——B
3. W < 5cm o E
\S:
Fig. 32.30

4.  Twovectorsaresaid to belikeif they have same direction what ever be their magnitudes.
But in case of equd vectors magnitudes and directions both must be same.

5. N )
< 5ON—> 0DN \
50N
60"
w F 45
W< E
S )
Fig. 32.31 Fig. 32.32

CHECK YOUR PROGRESS 32.2

— —

1 0 2.0
CHECK YOUR PROGRESS 32.3

- -

1 b- a

2. (i) Itisavector inthedirection of a and whose magnitudesis 3timesthat of a.
(ii) It isavector in the direction opposite to that of b and with magnitude 5 times that of

-

b.

—

3. DB=b-aadAC=23a+3b.
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4, |yn|=y|n]ify>0 5. Vector
=-y|n|ify<0
=0ify=0

6. P =X g, xisanon-zero scaa.

CHECK YOUR PROGRESS 32.4

1. Ifthereexig scdlarsx andy suchthat ¢ =x a+y b

- - ~ - 2 o ~
2. r=3i +4 3. QP = 4i + 3j + 5k

1/.» ~ ~ 1 - 5 ~ 5 -

=|3i +6j] -2k | = - k
5 F(aeim) ¢ EmE

CHECK YOUR PROGRESS 32.5

1) %(2a+ 3B) (i) (34— 26)

2 %(45+3d') 3. %(26+6I), %(E+2a)
CHECK YOUR PROGRESS 32.6

1 @y ) cos™

TERMINAL EXERCISE

1. a+b+c=0
3. BD-RBM-MC, AM —BM +2VC
4. () Yes aad b areeither any non-collinear vectorsor non-zero vectorsof samedirection.

(i) Yes aand b are dither in the opposite directions or at least one of them is a zero

vector.
(iii) Yes, aand b have opposite directions.

5, x=4 y=-2 6. x=2, -1
x=4,y=-1 |a|=+14"|b |= 2414

8 |a+b|=6,]a-b|=14

9 -—i+=j —Zné 10 +
' 777 o

11. 2i+j;B

(iA + 2jA + 2l2)

Wl

MATHEMATICS



