25

MAXIMA AND MINIMA

Y ou are aware that in any transaction the total amount paid increases with the number of items

purchased. Consider a function as f (x) =2x +1, x >0. Let the function f(x) represent the
amount required for purchasing 'x' number of items.

The graph of the function y =f (x)=2x+1, x>0 for different values of x is shown in
Fig. 25.1.
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Fig. 25.1

A look at the graph of the above function prompts usto believe that the function isincreasing for
positivevauesof x i.e, for x>0 Can you think of another example in which vaue of the function
decreases when x increases ? Any such relation would be relationship between time and
manpower/person(s) involved. You have learnt that they are inversely propotiona . In other
words we can say that time required to complete a certain work increases when number of
persons (manpower) invovled decreases and vice-versa. Consider such smilar function as

g(x)zz,x>o
X

The vaues of the function g (x) for different vaues of x are plotted in Fig. 25.2.
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Fig. 25.2

All these examples, despite the diversity of the variables involved, have one thing in common :
function is either increasing or decreasing.

In this lesson, we will discuss such functions and ther characterigtics. We will dso find out
intervas in which a given function is increasing/decreasing and its gpplication to problems on
maximaand minima.

After studying thislesson, you will beableto:
define monotonic (increasing and decreasing) functions,

establish that dy >0 inanintervd for anincreasing function and dy <0 foradecreasing

dx dx
function;
define the points of maximum and minimum vaues as well as locd maxima and loca
minimaof afunction from the graph;

establish the working rule for finding the maxima and minima of afunction usng the first
and the second derivatives of the function; and

work out smple problems on maximaand minima.

EXPECTED BACKGROUND KNOWLEDGE

Concept of function and types of function
Differentiation of afunction
Solutions of equations and the inquations

25.1 INCREASING AND DECREASING FUNCTIONS

Y ou have dready seen the common trends of an increasing or a decreasing function. Here we
will try to establish the condition for a function to be an increasing or a decreasing.
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Let afunction f (x) be defined over the closed interva [ab].
Let x4, X,1 [a,b] , thenthefunction f(x) is said to bean increasing functionin the given interval
if f(x2)3f(x.)whenever X, >X,. It is sad to be drictly increasing if  (x)>f(x)for dl

Xo > X1, Xg, Xo 1 [a,b].

InFig. 25.3, Inx increasesfrom -1to +1 asx increasesfrom - 2 to +§.
N y
f{x) = 1
fix)=sin x |
= 1 O T 1 > X
‘z I - ? \:/
1 1
1 1
fixp=—1 fixi= A

4

Fig. 25.3

Note : A function is said to be an increasing function in an interval if f (x + h)>f
(x) for al x belonging to the interval when his positive.

A function f(x) defined over theclosed interva [a, b] issaid to beadecreasing functioninthe
giveninterva, if f (x,) £f (x;), whenever x, > x1, X;, X1 [a,b] . Itissadto bestrictly

decreasingif f (xq1) >f (x5) foral x5 >xq, X, X1 [a,b] -

InFig. 25.4, cosx decreasesfrom 1to -1 asx increasesfrom O to p.

MY

f{x) = cos X
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Note : A function is said to be a decreasing in an internd if f (x+h) <f (x) for dl x
belonging to the interva when h is positive.

25.2 MONOTONIC FUNCTIONS

Let X3, X2 be any two points such that X3 <Xz in the interva of definition of a function f(x).
Then afunction f(x) issaid to be monotoniciif it iseither increasing or decreasing. It issaid to be

monotonically increasing if f (x,)2 f (x)for al x,>x; belonging to the interval and
monotonicaly decreasing if f (x1)3 f (x2).

SENJPNE  Prove that the function f (x) = 4x +7 ismonotonic for dl valuesof x1 R.

Solution : Consider two valuesof X sy x;, x,1 R
such that Xo>X1 @
Multiplying both Sdes of (1) by 4, wehave 4x, >4, .. 2
Adding 7 to both sides of (2), to get

AXo + 7> 48X+ 7
We have f(x2)>f(xq)
Thus wefind f (x5) > (x;) whenever x, > x;.

Hence the given function f (x) =4x + 7 is monotonic function. (monatonically incressing).
Show that
f(x)=x2
isadrictly decreasing function for al x <O0.
Solution : Consider any two vauesof x say x, X, such that
Xo > X1, X, Xo<O 0]

Order of the inequdlity reverseswhen it is multiplied by a negative number. Now multiplying (i)
by x,, wehave

X2 X5 < X1 XK
or, X3<XX, (ii)
Now multiplying (i) by x4, we have

X1 X9 < X1%Xq
or, XXo<X2 (iii)
From (ii) and (iii), we have

2 2
X5 < X1 X2 < X1
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or, x% < x12
or, f(xo)<f(xe) .. (iv)
Thus, from (i) and (iv), we have for

Xo > X1,

f(x2) <f(x1)
Hence, the given function is strictly decreasing for dl X <O.

. CHECK YOUR PROGRESS 25.1

(@ Provethat the function
f(x)=3x+4

is monotonic increasing function for al valuesof x1 R.
(b) Show that the function

f(x)=7-2x
ismonotonicaly decreasing function for dl vauesof xi R .
(c) Provethat f (x)=ax +b wherea, b are constantsand a > 0 isastrictly increasing
function for dl red vaues of x.

2. (8 Showtha f(x)=x? isasrictly increesing function for all red x >0,
(b) Provethat thefunction f () =x2 - 4 ismonotonically increasing for
x > 2 and monotonically decressing for - 2 <x < 2 wherexl R.
Theorem 1: If f(x) isanincreasng function on an open intervd ]a, b[, then its derivative
f'(x) ispoditive a thispoint for dl x1 [a,b].
Proof : Let (x,y) or [X,f(x)] beapoint onthecurvey =f (X)
For a postive dx, we have

X +dx > X

Now, function f(x) is an increasing function

\ f (x+dx) >f(x)

o, f(x+dx)- f(x)>0
f(x+adx)-f(x)

x 5 d>z >0 [ dx>0]

Taking dx asasmal postive number and proceeding to limit, when dx ® 0

lim -
e 0f(x+d><) f(x)>O
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MODULE -V |or, f(x)>0

Calculus |y i y =f (x) isanincreasing function a apoint, then  '(x) is positive at that point.

Theorem 2 : If f (X) isadecreasing function on an open intervd ]a, b[ then its derivative f
x) '(x) is negative & that point for al xT [a,b].

= Proof : Let (x,y) or [x,f(x)] beapoint onthecurvey =f(x)
otes
For apogtive dx,wehave  x+dx > x

Since the function is a decreasing function
\ f(x+adx)<f(x) dx >0
or, f(x+dx)- f(x)<0

f (x+dx)-f(x)
dx

Dividingby dx , we have <0 dx>0

0

f(x+dk)-f(x)
or, lim <
dx® 0 dx

or, f '(X) <0
Thus if y =f (x) isadecressing function a apoint, then, f '(x)is negative a that point.
Note: If f (x)isderivablein theclosed interva [ab], thenf (x) is

() increasing over [ab], if f '(X)>0 in the open interval Jab|
(i)  decreasing over [ab], if f '(x)<0in the open intervad Jabl.

25.3 RELATION BETWEEN THE SIGN OF THE DERIVATIVE AND
MONOTONICITY OF FUNCTION

Congder afunction whose curveis shown in the Fig. 25.5

Y
R d_y=0 v
Q dx
I dy >
| dx
[ | :
| |
S_Y>D Pr o : 1 dT
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SR
1 | | 1
] ] | 1 S
A Ol B C [ E F G X
Fig. 25.5

We divide, our sudy of relation between sign of derivative of a function and its increasing or
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decreasing nature (monoatonicity) into various parts as per Fig. 25.5 MODULE -V
() PtoR ([i)RtoT (i) TtoV Calculus
() Weobservethat the ordinate (y-coordinate) for every succeeding point of the curvefrom
Pto Rincreases as aso its x-coordinate. If (X», Yy, ) are the coordinates of a point that
. S .
succeeds (xq, Y1) then x, > x; yields yo > y10r f (x5) >f (x4) —%
Also the tangent at every point of the curve between P and R makes acute angle with
the positive direction of x-axis and thus the dope of the tangent at such points of the
curve (except a R) is pogtive. At R where the ordinate is maximum the tangent is
paralld to x-axis, as aresult the dope of the tangent a R is zero.
We conclude for this part of the curve that
(@ Thefunction is monotonicaly increesng from Pto R.
(b) The tangent at every point (except a R) makes an acute angle with pogtive
direction of x-axis.
(c) Thedopeof tangentis positivei.e? >0 for dl points of the curvefor whichy is
X
incressing.
(d) Thedopeof tangent a Riszeroi.e. ? =0 wherey is maximum.
X
(i)  The ordinate for every point between R and T of the curve decreases though its x-
coordinate increases. Thus, for any point x, > x; yelds y, <yj, or f (xz)<f (x1).
Also the tangent at every point succeeding R dong the curve makes obtuse angle with
positivedirection of x-axis. Consequently, the dope of the tangent is negativefor dl such
points whose ordinate is decreasing. At T the ordinate attains minimum vaue and the
tangent is parald to x-axis and as aresult the dope of the tangent a T is zero.
We now conclude :
(@ Thefunction ismonotonicaly decreasing from Rto T.
(b) Thetangent at every point, except at T, makes obtuse angle with positivedirection
of x-axis.
. .. d . :
(c0 Thedopeof thetangentis negatlvel.e.,ﬁ < 0 for dl pointsof the curvefor which
y is decreadng.
d
(d) Thedopeof thetangent a T iszeroi.e. d—z =0 where the ordinate is minimum.
(i)  Agan, for every point from T to V
The ordinate is congtantly increasing, the tangent at every point of the curve between T
and V makes acute angle with pogtive direction of x-axis. Asaresult of which the dope
of the tangent a each of such points of the curve is positive.
Condugvdly,
ﬂ >0
dx
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d d
at al such points of the curve except at Tand V, where d_>)</ =0, Thederivatived—z <0Oon

. dy . . dy _
oneside, dx >0 on the other side of points R, T and V of the curve where dx =0.

SRR Find for what vaues of x, the function

f(x)=x2 -6x 48
isincreasing and for what vaues of x it is decreasing.
Solution : f(x)=x? -6x 48
f'(x)=2x -6
For f (x) tobeincreasing, f '(x)>0
ie, 2x-6>0 o,  2(x-3)>0

or1 X - 3 > 0 or1 X > 3
The function increases for x>3.

For f (x) to be decreasing,

f'(x)<0
ie, 2X- 6<0 or, X- 3<0
or, X <3

Thus, the function decreasesfor x < 3.

SENIIWRA Find the interval in which f (x)=2x3 -3x? -12x +6 is increasing or

decreasing.
Solution : f(x)= 2x3 -3x2 -12x 46

f'(x)=6x2 -6x -12

:6(x2 -X -2)
=6(x -2)(x 4)
For f (x) to beincreasing function of x,
f'(x)>0
ie 6(x-2)(x+1) >0 o, (x-2)(x+1) >0

Since the product of two factors is positive, this implies either both are postive or both are
negative.
Either Xx-2>0and x+1>0 or Xx-2<0and x 1 9
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ie x>2and x>-1 ie x<2and x < 4
X>2 implies x>-1 X< -limplies x <2
\ X>2 \ X <1

Hencef (X) isincreasing for x > 2 or x <-1.
Now, for f (X) to be decreasing,
f'(x)<0
or, 6 (x—2) (x+1)<0 or, (x=2) (x+1)<0
Sincethe product of two factorsisnegative, only one of them can be negative, the other positive.
Therefore,

Either or
X—2>0andx+1<0 X—2<0andx+1>0
ie X>2andx<-1 ie Xx<2andx>-1
Thereis no such posshility This can be put in thisform
that x > 2 and a the same time
x<-1 —1<x<2

\ Thefunctionisdecreasingin—-1<x < 2,

SENPEAl Determine the intervals for which the function

X
f(x)=
()x2+1

@2+Qg§-x§£@%-g
(x2 +1)2

_ (x? 1) -x f2x)

(x2 +1)2

2

isincreasing or decreasing.

Solution : f(x)=

o 1-x
T, \2
(x*+3)
\ fry = (1- x) (1+2x)
(x*+1)
2
As (x2 +1) Ispogdtive for dl red x.
Therefore, if —1< x <0,(1 x) ispostiveand (1+x) ispositive, so f '(x)>0;

>
v If 0<x < (1 %) ispostiveand (1+x) ispostive of'f '(x)>0;
MATHEMATICS
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If x < -1, (1 -x) ispostiveand (1+x) isnegative, so f '(x)<0;

x >1, (1- x) isnegtiveand (1+x) ispositive, so f '(x)<0;

Thus we conclude that
the function isincreasing for—1<x<0andO0<x<1
or, for-1<x<1

and the function isdecreasng for x <—1orx>1
Note : Pointswheref ' (X) = 0 are critica points. Here, criticd pointsare x=-1,x=1.
Show that
@ f (x) =cosx isdecreasing intheintervl 0E X £p.
(b) f (x)=x -cosx isincreasing for al x.
Solution:(8) f (x)=cosx
f'(x)= -sinx

f (x) isdecreasing

If f '(x)<0
ie, - sinx <0
ie, sinx>0

sn x is pogtive in the first quadrant and in the second quadrant, therefore, Sin x is pogtive in
OEXEp

\ f (x) isdecressingin O£ x£p
(b) f (x)=x -cosx
f'(x)=1-(-sinx)

=1 4sinx
Now, we know that the minimum vaue of 9nx is—1 and its maximum; vaueisli.e,dnxlies
between -1 and 1 for dl x,

e, -1£sinx£1 or 1- 1£1+sinx £1 +1
or O£1+sinx £2

or 0£f'(x)£2

or 0£f'(x)

or f'(x)30

b f(x)=x -cosx isincressing for al .
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A\ Y _ 4 CHECK YOUR PROGRESS 25.2

-

Find the intervals for which the followiong functions are increasing or decreasing.
1. @ f (x):x2 -7x 0 (b)f (x):3x2 -15x 0

2. @f (x) =x3- 6x%- 36x+7 (b)f (x) =x3- Ox? +24x +12

3. (@y=-3%*-12x 8 O)f (x)=1-12x -9x? -2x°3

2

X-2 X
=—— x1-1 =2  y1
@y 1 (b)y x-1'X 1

e

X 2
=—+—,x10
©Y=5+3

ép u
5. (@ Provethat thefunction log Sn x isdecreasing in gng
(b) Prove that the function cos x isincreasing in theiinterva [p, 2p]

(0) Find the intervalsin which the function cos®x +% 10 £x £p is decressing or
%]

&
increasing.
Find aso the points on the graph of the function a which the tangents are pardld to x-axis.

254 MAXIMUM AND MINIMUM VALUES OFA FUNCTION

We have seen the graph of acontinuous function. It increases and decreases dternatively. If the
vaue of a continious function increases upto a certain point  then begins to decrease, then this
point is caled point of maximum and corresponding vaue a that point is cdled maximum vaue
of thefunction. A stage comeswhen it again changesfrom decreasingtoincreasing . If thevaue
of a continuous function decreases to a certain point and then begins to increase, then vaue a
that point is called minimum value of the function and the point is called point of minimum.

NY

(X} - i X

Maxi~um Maxirne Maxirmu~

B J

NAERVARN

Mini--um

Minimum Mini-um

Fig. 25.6

Fg. 25.6 shows that afunction may have more than one maximum or minimum values. So, for
continuous function we have maximum (minimum) vaue in an interva and these values are not
absolute maximum (minimum) of the function. For this reason, we sometimes cdl them aslocd
maximaor locd minima,
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A function f (x) is said to have a maximum or alocal maximum at the point x = awhere
a—b<a<a+b(SeeFig. 25.7),if f(a)3 f (atb) foral sufficiently small positive b.

/\y l\y

/ N Nea o

fa) f(a)

0 a-bh a ath 0 a-b a ath

Fig. 25.7 Fig. 25.8

A maximum (or local maximum) value of a function is the one which is greater then dl other
vaues on either Sde of the point in the immediate neighbourhood of the point.

A function f (x) is said to have a minimum (or loca minimum ) at the point x = a if
f (a) £f (at b)wherea—b<a<a+b

for dl sufficiently smdl positive b.
In Fg. 25.8, the function f(x) hasloca minimum & the point x = a

A minimum ( or local miunimum) vaue of afunction isthe onewhichislessthan dl other vaues,
on ether Sde of the point in the immediate neighbourhood of the point.

Note : A neighbourhood of apoint X | R isdefined by openinternd ]x- | [, when | >0.

25.5 CONDITIONS FOR MAXIMUM OR MINIMUM

Weknow thet derivative of afunctionispositivewhen thefunction isincreasng and the deriveive
is negative when the function is decreasing. We shdl gpply this result to find the condition for
maximum or a function to have a minimum. Refer to Fig. 25.6, points B,D, F are points of
maximaand points A,C,E are points of minima

Now, on the left of B, the function isincreesing and so f *(x)> 0, but on the right of B, the

functionisdecreasing and, therefore, (x) < 0. Thiscan be achieved only whenf '(x) becomes
zero somewhere in betwen. We can rewrite this as follows:

A function f (x) hasamaximum vaue a apoint if (i) f '(xX) = 0 and (ii) f ‘(x) changes sign from
positive to negative in the neighbourhood of the point at which f '(x)=0 (pointstaken from | eft to
right).

Now, ontheleft of C (SeeFig. 25.6), function isdecreasing and f '(x) therefore, is negative and
ontheright of C, f (x) isincreasing and sof '(X) is positive. Once again f '(X) will be zero before
having postive vaues. We rewrite thisasfollows :

A function f (X) has a minimum vaue a a point if (i) f '(x)=0, and (ii) f '(x) changes sgn from
negetive to pogtive in the neighbourhood of the point a which f '(x) = 0.
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We should note herethat f '(x) = 0 is hecessary condition and is Y 4
not asufficient condition for maximaor minimato exist. We can
have afunction which isincreasng, then congtant and then again
increasing function. In this case, f () does not change sgn.The
vaue for which f '(x) = 0 is not a point of maxima or minima. >
Such point is called point of inflexion. 0/ X

For example, for the function f (x) = x%,x = 0 is the paint of

inflexion &  (x) =3x2 does not change sign as x passes
through O. f'(X) is poditive on both Sdes of thevaue'0' (tangents Fig. 25.9
make acute angles with x-axis) (See Fig. 25.9).

Hence f (x) =x° hasapoint of inflexion a x = 0.
The pointswheref '(x) = 0 are called Sationary points as the rate ofchange of the function is zero
there. Thus points of maxima and minima are sationary points.

Remarks

The dationary points a which the function attains ether loca maximum or loca minimum
vaues are d 0 caled extreme points and both loca maximum and local minimum vaues are
cdled extreme vaues of f (X). Thusafunction attains an extreme vaue a x=aif f (a) isether
alocd maximum or aloca minimum.

25.6 METHOD OF FINDING MAXIMA OR MINIMA

We have arrived a the method of finding the maxima or minima of afunction. It isasfollows:

() Fnd f(x)

@)  Putf'(x)=0and find Sationary points

(i)  Condder thedgn of f'(x) inthe neighbourhood of sationary points. If it changessgn from
+veto-ve, thenf (x) has maximum value at that point and if f ‘() changes sgn from —ve
to +ve, then f (x) has minimum vaue a that point.

(iv)  If f'(x) doesnot change Sgnin the neighbourhood of apoint then it isapoint of inflexion.

SENYNE  FHnd the maximum (locd maximum) and minimum (locad minimum) points of

thefunction f (x) =x3- 3x2 - 9x.
Solution : Here f (x) =x3_3x2- 9x

f '(x)=3x2 -6x -9

Step |. Now f '(x)=0 gives us 3x? -6x -9 =0
or x%- 2x-3=0

or (x-3)(x+1) =0

or x=3 -1

\  Stationary points are x=3x =14
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Step 1. At X=3
For Xx<3 f'x)<0
and for x>3 f'(x)>0

\ f'(x) changes sign from —ve to +ve in the neighbourhood of 3.

\ f(X) hasminimumvaueat x = 3.

Step 111, At x=-1,
For X< -1, f'x)>0
and for X>-1, f'(x) <0

\ f'(X) changes sign from +ve to —ve in the neighbourhood of —1.
\ f(X) has maximum vaue & x=—1.

\ x =-1 and x = 3 give us points of maxima and minima respectively. If we want to find
maximum vaue (minimum vaue), then we have

madmumvdue = (-1) =( 2)° 3( 2> 9( 9)
=1-349 5
and minmumvawe = f (3) =8° 3(3)* 9(3) =27
\ (-1,5) and (3,- 27) arepointsof locd maximaand local minima respectively.

SN EPRRSE FHind the locd maximum and the loca minimum of the function

f(x)=x2- 4x

Solution : f(x)=x2- 4x

\ f'(x)=2x- 4=2(x- 2)

Putting f ' (xX)=0 yields 2x—4=0, i.e., x=2.

We have to examine whether x = 2 isthe point of local maximum or local minimum or neither
maximum nor minimum.

Let ustakex = 1.9 whichistotheleft of 2 and x = 2.1 whichisto theright of 2 and find f'(x) a
these points.

f'(1.9)=2(1.9- 2) <0
f'(21)=2(2.1-2)>0

Since f '(x) <0as we approach 2 from the left and f '(x) > 0 as we approach 2 from the
right, therefore, thereisalocd minimum at x = 2.

We can put our findings for Sgn of derivatives of f(x) in any tabular form induding the one given
below :
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sign ol [ (x)
pomlx —2
lettof 2 right of 2
f'{x)<0 frix)<o

Local minimum

e R N Find dl locd maximaand locad minima of the function

f(x)=2x3- 3x2- 12x+8

Solution : f(x)=2x3- 3x2- 12x+8

\ f'(x)=6x% -6x -12
=6(x2 -X -2)

\ f'(x)=6(x 4)(x 2)

Now solving f '(x)=0 for x, we get
6 (x+t1l) x2)=0
b Xx=-12
Thus f'xX)=0a x=-12
We examine whether these points are points of local maximum or loca minimum or neither of
them.
Condder thepointx =—1
Let ustake x =—1.1 which isto theleft of —1 and x =—0.9 which isto theright of - 1 andfind
f' (X) at these points.
f'(-1.1)=6(-1.1+1)(- 1.1- 2), whichispostivei.e. f (x)>0
f'(-0.9) =6(-0.9 +1)(-0.9 - 2) , whichisnegativei.e. f (x)<0
Thus, a x =—1, thereisaloca maximum.
Condder the point x =2.
Now, let ustake x = 1.9 whichistotheleft of x =2 and x = 2.1 whichisto theright of x =2 and
find f '(x) at these points.
f'(1.9) =6(1.9+1)(1.9- 2)
= 6%(Pogtive number)x(negative number)
= a hegative number
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e f'(19 <0
and f'(21)=6(2.1+1)(2.1-2), which is positive
e, f(22)>0
f'(x)—0
£'(x) <0 £ (x)>0

X-2
f '(x) < 0 aswe approach 2 from the | eft
and ' (x) >0 aswe approach 2 from theright.

\ x =2 isthe point of locd minimum
Thust (x) haslocd maximum at x = —1, maximum vaue of f (X)=2-3+12+8 =15
f (x) haslocd minimum at x =2, minimum value of f (X)=2(8)-3(4)-12(2)+8=-12

Sipn of £ (x)}

Point x =-1 Poim x =2
Left of =1 Right of' =1 Leliol2 Right ol'2
positive negative negative positive

local maximum local minimuom

STl NI  FHind locd maximum and locd minimum, if any, of the following function

X
f =
(x) I
Solution : f(x)= 1+XX2
(1+2)1- (20)x
Then f '(X) =

1- x2
2
o)
For finding points of loca maximum or loca minimum, equate f '(x) to O.
2
) 1-—X2: 0
ie (1+ Xz)
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P 1- x2=0
or (1+x)(1-x) =0 or x=1-1.
Congder thevauex = 1.

The dgn of f '(x) for values of x dightly less than 1 and dightly grester than 1 changes from
positive to negative. Therefore there is a locd maximum at x =1, and the locd maximum

Now consider x =—1.
f '(x) changes sign from negative to postive as x passes through —1, therefore, f (x) hasalocd
minimumat x =—1

-1

Thus, the locd minimum vdue = ?

el PiMkl  Find the loca maximum and locd minimum, if any, for the function

f(x) =sinx +cosx,0 <x <%

Solution : We have f(x) =sinx + cosx
f '(x) =cosx - sinx
For loca maxima/minima, f '(x) =0

\ Cosx- sinx =0
or, tanx =1 or, X=E in 0<x<E
4 2
_p
At X==,
4
<P :
For X 4 COSX >sinx
\ f '(x) =cosx- sinx>0
P :
For X 4 COSX- sinx <0
\ f '(x) =cosx- sinx<0

\ f'(x) changes Sgn from positive to negative in the neighbourhood of % :

\ X=% isapoint of locd maxima

e 1 1
Maximum vaue = f §%=$+E V2

. .. ap 0
\ Point of locd mlmlsg,\b—é
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L@‘ CHECK YOUR PROGRESS 25.3

Fnd al points of loca maxima and locd minima of the following functions. Also , find the
maximaand minima at such points.

1 x2-8x+12 2. x3- 6x2 +9x +15
3. 2x3- 21x%2 +36x- 20 4. x4 - 62x2+120x+9
5 Xx-1
5 (x-D(x- 2 6. —5———
X“+X+2

25.7 USE OF SECOND DERIVATIVE FOR DETERMINATION
OF MAXIMUM AND MINIMUM VALUES OF A FUNCTION

We now give below another method of finding locd maximum or minimum of afunction whose
second derivative exigts. Various steps used are

()  Letthegiven function be denoted by f (X).
@ FEndf'(x) and equate it to zero.
(i) Solvef' (x)=0, let oneof itsreal rootsbex = a

(v) Find its second derivative, f "(x). For every red vaue 'd of x obtained in step (iii),
evduaef" (@). Thenif

f"(a) <O then x =aisapoint of loca maximum.
f "(8)>0 then x = aisapoint of loca minimum.

f "(@)=0 then we use the Sgn of f '(x) on theleft of 'a and on the right of 'a to
arive at the result.

SYEglopemb  FHind the locd minimum of the following function :

2x3 - 21x2 +36x - 20

Solution : Let f(x)= 2x3 -21x2 +36x -20
Then f'(x)=6x% -42x 436
:6(x2 _7x +6)
=6(x-J(x-6)
For locd maximum or min imum
f'(x)=0
or 6(x- )(x-6)=0 b x=1,6
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£r(x) =21 (x)

N
ow o

Ll o)

=12x -42

=6(2x -7)
x=1f"(1)=6(21-7)=-30<0
x = lisapoint of locd maximum.

For

and (1) =2(1)% -21(1)2 +36(1) 20 = 3 isalocal maximum.
For x =6,

f" (6)=6(2.6-7)=30>0
\ X =6isapoint of loca minimum

and £(6) = 2(6)% -21(6)2 +36(6) 20 = 128 isalocd minimum,

Sl [eMK FHind loca maximaand minima (if any ) for the function

f (x) = cos4x: 0<x<g
Solution : f (x) = cosdx
\ f '(x) =- 4sindx
Now, f'(x)=0 p -4sin4x =0
or, sindx=0 o 4x=0,p, 2
_APDP
Xx=0,-,—
o, 4’2
_p
X__
\ 4
Now, f "(x) = - 16c0s4x
o x:%,f"(x)=-16005p
=-16(- 1) =16>0

\ f () isminmumat X =%

Minimum value fg%?; cosp=-1

~: 0O<x<

pu

—_

24
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SE o YNlE (3) Hndthe maximum vaueof 2x3 - 24x +107 intheinterva [-3-1].
(b) Find the minimum vaue of the above function in theinterva [1,3].

Solution :Let f(x):2x3 -24x €07

f'(x)=6x*-24
For local maximum or minimum,
f'(x)=0
i.e 6x2- 24=0 = X=-2,2

Out of two points obtained on solving f '(X)=0, only—2 belong to the interva [-3-1]. We dhdl,
therefore, find maximum if any a x=2 only.

Now f "(x)=12x

\ f(-2=12(-2)=-24

or f"(-2)<0

which implies the function f (X) has amaximum at x =2.

\  Required maximum value =2(-2)% - 24(- 2) +107
=139

Thusthe point of maximum belonging to the given interva [-3,-1] is—2 and, themaximum vaue
of thefunction is 139.

(b) Now f"(x) =12 x
\ " (2)=24>0, [ - 2liesin[1, 3]]
which implies, the function f (x) shall have aminimum a x =2.

\ Reguired minimum = 2(2)3- 24(2) +107
=75
Find the maximum and minimum vaue of the function
f (x) =sinx (L+cosx) in (0,p).
Solution : Wehave,  f(x) =sinx (1+cosx)

f '(x) = cosx (1+ cosx)+ sinx (- sinx)

2 2

= COSX +C0S” X- Sin“x

= COSX +COS2 X - (1- cos? x) =2c0s% X +cosx - 1

For stationary points, f '(x) =0

\ 2c0s% X +cosx - 1=0
- +," -1+
\ COSX = 1 1+8: 1_3:-1,1
4 4 2
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X=p,—
\ p3

Now, f(0)=0

——sm gi
ﬂ 3

f(p)=

+10 33

cos————
29 4

39 2
and

v (X hasrmximumvalue% a X =%

and miminum valueOat x =0and x =p.

Q
\ &} CHECK YOUR PROGRESS 25.4

Find local maximum and local minimum for each of the following functions using second order

derivatives.
1 2x3 +3x? - 36x +10 2, -x3+12x? -5

X2 - 5x4 + 5x3 -1

>

3. (x- 1)(x+2)2

5. sinx (1+cosx),0 <x <§ 6. sinx +cosx,0 <x <§

7. sin2x- x—p£x£B
2 2

25.8 APPLICATIONS OF MAXIMA AND MINIMATO
PRACTICAL PROBLEMS

The gpplication of derivative is a powerful tool for solving problems that cal for minimising or
maximisgng a function. In order to solve such problems, we follow the steps in the following
order :

()  Framethefunction in terms of variables discussed in the data.

(i)  With the help of the given conditions, express the function in terms of asngle variable.
(i)  Lastly, goply conditions of maximaor minimaas discussed earlier.

Find two positive rea numbers whose sum is 70 and their product is
maximum.

Solution : Let one number be x. As their sum is 70, the other number is 70- x. As the two
numbers are positive, we have, x >0,70- x>0

70- x>0 P
\ O<x<70
MATHEMATICS
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Let their product bef (x)

Then f(x) = x(70- X) =70x - x>
We have to maximize the prouct f ().
We, therefore, find f '(x) and put that equa to zero.

f'(x) = 70 —2x
For maximum product, f* (x) =0
or 70-2x=0
or x=35

Now f"(x) = —2 which is negative. Hencef (x) ismaximum & x = 35
The other number is 70- x =35
Hence the required numbers are 35, 35.

SETlEPSNNE Show that among rectanglesof given area, the square hastheleast perimeter.

Solution : Let X, y be the length and breadth of the rectangle respectively.

\ Itsarea = xy
Sinceitsareais given, represent it by A, so that we have
A=xy
or =A 0]
»

Now, perimeter say P of the rectangle =2 (x +Y)

A..
or PZZ&;(+—2
& X
dP Ad
—:Zﬁ'—;
! x & x2p ()
For aminimum P,ﬁzo.
dx
Ad
i.e 2%-=2=0
€ x2g
or A =x2 or JA =x
N d’P _ 4A s oo
ow, — =—=,whichis ive.
dx X pos

Hence perimeter isminimum when X = JA

\ =
X

MATHEMATICS



X2

=— =X
X

Thus, the perimeter is minimum when rectangle is asquare.

Sl [PemE An open box with asquare baseisto be made out of agiven quantity of sheet

aS

of area a2. Show that the maximum volume of the box is m

Solution : Let x be the side of the square base of the box and y its height.

Total surface areaof othebox = x2 +4xy

\ x2+4xy:a2 or y=

Volumeof thebox, V =base area” height

=Xy =X -
y g 4x E
_1(.2 3
or —4(ax X)
\ d_V_l(az 32)
dx 4
) . Vv
For maximaiminima — =0
dx
170 2\ _
\ Z(a 3X )—0
2
2 _a a
X“=— bX =——
3 V3

From (i) and (i), we get

. av._2oal(z2.
Agan dx? dx 4
x being the length of the Side, is postive.
2
\ o
dx

\  Thevolumeis maximum.

3
. _a
Hence maximum volume of the bo 6J§'

(- A =x?)
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(i)

(i)
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SETNl MR Show that of dl rectangles inscribed in agiven circle, the square has the
maximum area.

Solution : Let ABCD be arectangle inscribed in acircle of radiusr. Then diameter AC= 2r
Let AB=xandBC=y

Then AB?+BC? =AC2  Or x2+y? =)’ ar?
Now area A of the rectangle = xy
\ A =x4r? -x2
\ d_A:M 4r2 -X2 }
dx ar2 - x2 D C
_ 4r2 . 2x? 5
\]4r2- x?
A B
. i dA
For maximalminima, — =0
dx Fig. 25.10
2 5,2
u =0p X :-\/Er
\/4r2 G
- 2X)
Var? - x? (- 4x)- (4r2- 2x2)(—
N d’A _ 2J4r? - x2
ow > = >
dx (4r - X )
- 4x(4r2 - x2)+x (4r2 - 2x2)
) 3
-
- 4\/5(2r2) +0
3 , _
(2r2)5 .. (Putting x = \/Er)
i 3
:izg = 4 @
2«/§r

Thus A ismadmumwhen y = /2y

Now, from (i), y=adr?- 212 =21

X =Y. Hence, rectangle ABCD isa square.

MATHEMATICS



SCNYepl Show tha the height of aclosed right circular cylinder of agiven volumeand

leest surface is equd to its diameter.
Solution : Let V bethe volume, r the radius and h the height of the cylinder.
Then, V =

or h :—2 (|)

Now surface area

Now

or V= 2pr3

2pr3
From (i) and (ii), we get h =% =2r

(i)

2
d 8—4\3/ # p8 p4

aZ T .. [Using (i1)]

Agan,

=12p>0
\ Sisleesswhenh=2r
Thus, height of the cylidner = diameter of the cylinder.

SEnldl-Wawil Show that a closed right circular cylinder of given surface has maximum

volume if its height equas the diameter of its base.

Solution : Let S and V denote the surface area and the volume of the closed right circular
cylinder of height h and base radiusr.

Then S=2pth+2pr2 L 0)
( Here surface is a congtant quantity, being given)

V= pzh

_2€s-2pr2u
= pfe————1

\ \%
8 2 B

4 2
S2

N | =
O
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ﬁ) Z—\:zg - p(3r2) I
' dv

Notes | For maximum or minimum, m =0

e, > p(ar?) =0 S

or S=6p? Fig. 25.11
From (i), we have 6pr2 =2 ph 2 p2
p 4pr®=2ph
5 — (i)
d?v _d &S . o0
— _ _=_ -3 i
Also, dr?2 dr 82 s H
- 5 .. li_aé§¢): 0
= -op, T dr&2g
= anegative quantity

Hence the volume of the right circular cylinder is maximum when its height is equd to twiceits
radiusi.e whenh=2r,

el yiawsl A square metal sheet of Sde48 cm. hasfour equal squaresremoved fromthe

corners and the sides are then turned up so asto form an open box. Determine the size of the
suare cut so that volume of the box is maximum.

Solution : Let the 9de of each of the smal squares cut be x cm, so that each Side of the box to
be made is (48-2x) cm. and height x cm.

Now x > 0, 48-2x > 0, e x<24 X . X
\ xlies betweenOand24  or 0<x <24 X i X
Now, VolumeV of tebox |77

=(48 -2x) (48 -2x) x

i.e V = (48- 2x)xx J N
I I

%:(48 -2x)? +2(48 2x)( 2)x

—

= (48 -2x) (48 -6x)

MATHEMATICS
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Condition for maximum or minimum is & =0
ie, (48- 2x)(48- 6x)=0
We have ether X =24, or X=8
. O<x<24
\ Regecting x = 24, we have, x = 8 cm.
2
Now, d_\2/ =24x -384
dx
B2\

éﬁz =192 -384 = 192 9,
2
g=8

Hencefor x = 8, the volume is maximum.
Hence the square of sde 8 cm. should be cut from each corner.

SEnldlPewR] The profit function P () of afirm, sdlling x items per day isgiven by
P(x) =(150-x) x -1625.

Find the number of itemsthe firm should manufacture to get maximum profit. Find the maximum
profit.

Solution : Itisgiventhat X' isthe number of items produced and sold out by the firm every day.
In order to maximize profit,

P'(x)=0 i.e.£)=0

dx

d . N
or — g(150- x ) x- 16254=0

dx
or 150-2x =0
or X=75
Now, di P'(x)=P"(x) = 2 anegative quantity. Hence P () is maximum for x = 75.

X

Thus, the firm should manufacture only 75 items a day to make maximum profit.
Now, Maximum Profit = P(75) =(150 75)75 1625

= Rs. (75x75-1625)
= Rs. (5625-1625)
= Rs. 4000
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MODULE -V | IS¥ERERARPZl Find the volume of the largest cylinder that can be inscribed in a sphere of

Ca|CUIUS radius'r' cm.
Solution : Let hbetheheight and R theradius of the base of theinscribed cylinder. Let V bethe

volume of the cylinder.
Then V = [R?h N0

Notes | From p OCB, we have

r2=§§: 1R2 ...(-.-OB2 -0 +BC22)

h2 .
\ R2=r2 . (i
2 (ii)

&, hd h®
Now V:pgz__grih:pzh-pz
4]
dv _ 5 3ph?®

\ - =
dh " 4

. .. av
For maximalminima, E:O

> 3ph? _

\ pre- 0

4r? _

== b h_E
d®v _ 3ph

dhZ 2 S

Ve , 26 _ 3p 2r 2

"G 2B N

= +3p < h/2

\ Vismaximumath:A A—__ = B

3 c

Fig. 25.13

b h?

Now

2

V3

Putting h = in (i), we get

\ R=,|=r
Maximum volume of the cylinder = (R 2h
_ D 2 _ 4pr3 3
= pg=ri —= " _cm°.
pg 2J3 33
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§ CHECK YOUR PROGRESS 25.5

Find two numbers whose sum is 15 and the square of one multiplied by the cube of the
other is maximum.

Divide 15 into two parts such that the sum of their squaresis minimum.

Show that among the rectangles of given perimeter, the square has the greetest area.
Prove that the perimeter of aright angled triangle of given hypotenuse is maximum when
thetriangle isisosceles.

A window isin the form of arectangle surmounted by a semi-circle. If the perimeter be
30 m, find the dimensions o that the greatest possible amount of light may be admitted.

Findtheradiusof aclosad right circular cylinder of volume 100 c.c. which hastheminimum
total surface area.

A right circular cylinder isto be made so that the sum of its radius and its height iS6 m.
Find the maximum volume of the cylinder.

Show that the height of aright circular cylinder of grestest volume that can be inscribed
in aright circular cone is one-third that of the cone.

A conicd tent of the given capacity (volume) has to be congtructed. Find the ratio of the
height to the radius of the base so as to minimise the canvas requried for the tent.

A manufacturer needs a container that isright circular cylinder with avolume 16p cubic
meters. Determine the dimensions of the container that uses the least amount of surface
(sheet) materidl.

A movie theatre's management is considering reducing the price of tickets from Rs55in
order to get more customers. After checking out variousfactsthey decidethat the average
number of customers per day ' is given by the function where x is the amount of ticket
price reduced. Find the ticket price othat result in maximum revenue.

g = 500+100 X

where x isthe amount of ticket price reduced. Find theticket price that result is maximum
revenue.

dl LET USSUM UP

Increasing function : A function f (x) issaid to beincreasing in the closed interva [ab]
iff(x2)3f(x)) whenever x, >x

Decreasing function : A function f (x) is said to be decreasing in the closed interva
[ab]

if £ (x2)E£f (xq) whenever x, >x;
f (x) isincreasing in an open interva Jab|
if £'(x)>0 fordl xT [a,b]
f (x) isdecreasing in an open interva ]ab[
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if f'(x)<0 fordl x1 [a,b]
M onotonic function :
() A function issadto be monotonic (increesing) if it increasesin the given interval.
(i) A function f (x) is said to be monotonic (decreasing) if it decreases in the given
interva.
A function f (x) which increases and decreases in a given interva, is not monotonic.
In an interva around the point x = a of the function f (x),

@) if £'(x)>0ontheleft of thepoint 'a and f '(x) < 0 on the right of the point x = a,
then f (x) hasalocad maximum.

@) if f'(x) <0 ontheleft of the point 'a and f ' (X) >0 on the right of the point x = a,
then f (X) hasalocd minimum.

If f(x)hasaloca maximum or locd minimum at x = aandf (x) isderivablea x = g, then

f@=0

(i) If £'(x) changessgnfrom postiveto negetive asx passesthrough 'd, thenf (x) has
alocd maximumat x =a

@)y If f'(x)changessign from negative to postive as x passes othrough ‘d, then f (x)
hasalocd minimumat x =a

Second order derivative Test :
@ I1ff'@=0andf"(d <0;thenf (x) hasalocd maximumat x = a
@@ 1ff'@=0,andf"(@ >0; thenf (x) hasaloca minimumat x = a

@) Incasef'(@d =0,andf" (a) = 0; then to determine maximum or minimum at X = a,
we use the method of change of sign of f '(X) as x passes through 'a to.

e SUPPORTIVE WEB SITES

° http: //Amww.wikipedia.org
° http://mathwor |d.wolfram.com

[
Q'l\ TERMINAL EXERCISE

1. Showthatf(x):x2 is neither incressing nor decressing for dl xT R..
Find the intervals for which the following functions are increasing or decreasing :

2. 3_ 2. _ —+—,Xx10
2x°- 3x*- 12x +6 7Y%
4. y4_oy2 5. sinx - cosx,0£ x£ 2p
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Find the local maxima or minima of the following functions : MODULE -V
Calculus
6. @ x3-6x%+9x+7 (b) 2x3 - 24x +107
©  x3+4x? -3x +2 @ x*- 62x2+120x+9
1 X
e e O D09 1o x<4 -
© xJ1- x» x<1
8. (9 sinx+10052x 0£xel (b) €n2x ,0£xE
' 2 ! 2 OEXE D
(© -x+2sinx,0£EX£ 2
9.  Forwha vaueof x lying in the closed interva [0,5], the dope of the tangent to
x3 - 6x2 +9x + 4
Is maximum. Also, find the point.
10. Findthevlaue of the greatest dope of atangent to
_x3+3x2 +2x- 27a apoint of othe curve. Find aso the point.
11. A container isto bemadein the shape of aright circular cylinder with tota surface areaof
24p 9. m. Determine the dimensions of the container if the volume isto be as large as
possible.
12. A hoted complex conssting of 400 two bedroom apartments has 300 of them rented and
therentisRs. 360 per day. Management's research indicatesthat if the rent isreduced by
X rupees then the number of apartments rented g will be q :Ex +300,0£ X £80.
4
Determine the rent that results in maximum revenue. Also find the maximum revenue.
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CHECK YOUR PROGRESS 25.2
> T
1. (3 Increasing for X > —, Decreasing for X <
Notes 2 2
. 5 ) 5
(b) Increasing for X >§, Decreasing for X <E
2. (@ Increesng for x >6 or x < -2, Decreasingfor - 2<x <6
(b) Increasing for x > 4 or x <2, Decreasing for x inthe interval 12,4]
3 @ Increasing for x < -2; decreasngfor x >- 2
(b) Increesingintheinterva - 1< x < 2, Decreasngfor x >-1 0Of x < -2
4. (@ Increasing aways.
(b) Increesing for x >2, Decreedngintheintervd 0<x <2
(© Increesngfor x >2 or x< -2 Decreasngintheinterva - 2< x <2
3 7
5. (9  Incressingintheinteva Pexe P
o 3p
Decreasing in the interval O£ xE )
. . : _3p _7p
Points at which the tangents are pardld to x-axisare X = ) and X= )
CHECK YOUR PROGRESS 25.3
1 Locd minimumis—4ax=4
2. Locd minimumis15a x =3, Locd maximumisl19ax= 1.
3. Locd minimumis—128 a x = 6, Locd maximumis—3a x =1
4.  Locd minimumis—1647 a x =—6, Locd minimumis—316a x =5,
Locd maximumis68at x = 1.
5.  Locd minimumat x =0is—4, Locd maximum at x =—2is0.
1
6. Locd minimumax=-1,vdue = -4 Locd maximuma x = 3, vdue =7
CHECK YOUR PROGRESS 254
1 Locd minimumis—34ax =2, Locd maximumis9la x =—3.
2. Locd minimumis—5a x =0, Locd maximumis251 a x = 8.
3. Locd minimum—4a x =0, Locd maximumOa x =—2.
4, Locd minimum=-28; x =3, Locd maximum=0; x = 1.
Nether maximum nor minimum & x = 0.
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33 MODULE -V
5. Locd maximum :T; X :g Calculus
6.  Locd maximum =~/2;X =%
7. Locdminimumzﬁ 2% =B, Locdmaximumzﬁ Py =P Notes
2 6 6 2 6 6
CHECK YOUR PROGRESS 25.5
1.  Numbersare6,9. 2. Partsare 7.5, 7.5
. . 30 30
5. Dimensonsare: = ,—— meters each.
p+4’ p+
1 1
6. radius:aé—qi3cm;heigm:28é‘s—qi3cm
&po &€po
7. Madimum Volume = 32  cubic meters. 9. h =+/2r
10. r=2meters h =4 meters. 11 Rs. 30,00
TERMINAL EXERCISE
2. Increasing for x > 2 or < -1, Decreasing in the interval —1 <x <2
3. Increasing for x >4 or x <-4, Decreasing in the intervd 4,4
4. Increasingforx >1or—1<x<0, Decreasingforx<-l1or0<x<1
3 7 3 7
B. IncreasingforOEXEZp oerEXEZD,DecreasingfoerEXETP.
6. (@ Locd maximumisllax=1; locd minimumis7ax=3.
(b) Locad maximumis139at x =-2; locd minimumis75a x=2.
. : . . 40 1
(¢ Locd maximumis20a x=-3; locd minimum ISE a X =§.
(d) Loca maximumis68at x = 1; loca minimum is-316 at x =5 and
— 1647 at x = — 6.
1
7. (@ Locd minimumis > ax=0. (b) Locd maximumis-la x = 2.
i i i at x —E
(©) Locd maximumis 33 3
: .3 _p. . 1 _Pp.
8. (@ Locd maqmumlszat X_E’ Locd m|n|mum|s§at X_E’
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12.

5
(b) Locd maximumisla X =%and X ZZp; Locd minimumis—la X :§49

5
(¢ Locd maximumis;49+«/§ a X=§; Locd minimumis%g- J3 at x :?p.
Grestest dopeis24 ax=5;  Coordinates of the point: (5, 24).
Greatest dope of atangentis5at x =1, The point is(1,-23)
Radius of base =2 m, Height of cylinder =4 m.
Rent reduced to Rs. 300, The maximum revenue = Rs. 1,12,500.
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