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Notes

ARITHMETIC AND GEOMETRIC
PROGRESSIONS

Succession of numbersof which onenumber isdesignated asthefirg, other asthe second,
another asthethird and so on givesriseto what is called asequence. Sequences have
wide applications. Inthislesson we shall discuss particular typesof sequencescalled
arithmeti c sequence, geometric sequenceand a so find arithmetic mean (A.M), geometric
mean (GM) between two given numbers. Wewill also establish the relation between
AMandG.M.

L et usconsider thefollowing problems:

(@ A manplacesapair of newly born rabbitsinto awarren and wantsto know how
many rabbitshewould have over acertain period of time. A pair of rabbitswill
start producing offsprings two months after they were born and every following
month onenew pair of rabbitswill appear. At thebeginning themanwill havein his
warren only one pair of rabbits, during the second month hewill havethesamepair
of rabhbits, during thethird month the number of pairsof rabbitsinthewarrenwill
grow to two; during the fourth month there will bethree pairs of rabbitsin the
warren. Thus, the number of pairsof rabbitsin the consecutivemonthsare:

1,123,5,8, 13, ..

(b) Therecurringdecimal 0,3 canbewritten asasum

0.3 = 0.3 + 0.03 + 0.003 + 0.0003 ...

(©0 AmaneansRs.10onthefirst day, Rs. 30 on the second day, Rs. 50 onthethird
day and so on. The day to day earning of the man may be written as
10, 30, 50, 70, 90, ---

Wemay ask what hisearningswill beon the 10" day in aspecific month.

Againlet usconsider thefollowing sequences:
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B

111
27'81" 243
(3) 0.01, 0.0001, 0.000001, - --

Inthesethree sequences, each term except thefirdt, progressessin adefiniteorder but different
fromthe order of other three problems. In thislesson we discussthose sequenceswhoseterm
progressessin adefinite order.

After studyingthislesson, you will beableto:

1) 2,4,816, --- (2 é'_

. describe the concept of asequence (progression);

. defineanA.P. and citeexamples;

. find common differenceand generd termof aA.P,

. find thefourth quantity of anA.P. given any three of the quantitiesa, d, nandt ;

«  caculatethecommon differenceor any other term of theA..P. given any two termsof the
A.P;

o derive the formula for the sum of ‘n’ terms of an A.P;

o caculatethefourth quantity of anA.P. giventhreeof S, n,aandd;
o insert A.M. betweentwo numbers,

«  solveproblemsof daily lifeusing concept of anA.P;

o  dStatethat ageometric progressionisasequenceincreasing or decreasing by adefinite
multi ple of anon-zero number other than one;

. identify G.P.’s from a given set of progessions;
o  findthecommonratio and genera termof aG.P,

+  caculatethefourth quantity of aG.Pwhen any three of thequantitiest , a, randnare
gven;

«  caculatethecommon ratio and any term when two of thetermsof the GP. aregiven;
«  writeprogressonwhenthegenera termisgiven,
o  derivetheformulafor sumof ntermsof aG.P,

«  caculatethefourthquantity of aGP. if any threeof a, r, nand Saregiven;

o  derivetheformulafor sum (Sw ) of infinitenumber of termsof aGP. when |r| <1;

«  findthethird quantity when any two of S , aand r aregiven;
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o  convertrecurringdecimastofractionsusing G.P,

. insert G.M. between two numbers; and
o  edtablishreationship between A.M.and G.M.

EXPECTED BACKGROUND KNOWLEDGE

. Lawsof indices
«  Simultaneousequationswith two unknowns.

o  QuadraicEquations.

13.1 SEQUENCE

A sequenceisacollection of numbers specified in adefinite order by some assigned law,
whereby adefinite number a_of the set can be associated with the corresponding positive
integer n.

Thedifferent notations used for asequenceare.

1. a,a,a,..a,..
2. a,n=123,..
3. {a}
Let usconsder thefollowing sequences:
1. 1,2,4,8,16,32,.. 2. 1,4,9, 16, 25, ...
, 1234 , L L1111
. 2!3!4!5! e . ,2’3!4’5’6!
Inthe above examples, the expression for n term of the sequencesareasgiven below :
n 1
= An- =n? = — = —
1 a=om (2 a=n (3 a, 1 (4) a, .

for al postiveinteger n.

Alsofor thefirst problem in theintroduction, thetermscan be obtained fromthereation

a,=la=12a=2a,+a,,,n>3

A finite sequence hasafinitenumber of terms. Aninfinite sequence containsaninfinite number
of terms.

13.2 ARITHMETIC PROGRESSION

Let usconsider thefollowing examples of sequence, of numbers:

5

3
() 2468 QL2
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1 3 5
-2 -1-2-2-2 .
(4) 2! l ) ) 1

10, 8, 6,4, --- 5 5

©)
Notethat in theabovefour sequencesof numbers, thefirst termsarerespectively 2, 1, 10, and

1
- Thefirst term has an important rolein thislesson. Also every following term of the

sequence hascertainrelation with thefirst term. What istherel ation of thetermswith thefirst
terminExample (1) ?

Firstterm=2

Secondterm =4 =2+1x2
Thirdterm =6 =2+2x2
Fourthterm =8 =2+3x2
andsoon.

The consecutivetermsin the above sequence are obtained by adding 2 to its preceding term.
i.e., thedifference between any two consecutive termsisthe same.

A finitesequence of numberswith thisproperty iscalled an arithmetic progression.

A sequence of numberswith finite termsin which the difference between two consecutive
termsisthe samenon-zero number iscalled theArithmetic Progression or smply A. P

The difference between two consecutive termsis called the common defference of theA. P,
and isdenoted by 'd".

In general, an A. P. whose first term is a and common difference is d is written as
a,atda+2d,a+3d, ---

Alsoweuset_to denotethenth term of the progression.
13.2.1 GENERAL TERM OFANA.P.
LetusconsiderA. P.
a,a+da+2d,a+3d, -
Here, firstterm (t)) =a
secondterm () =a+d=a+(2-1)d,
thirdterm (t,)=a+2d=a+(3-1)d
By observing the above pattern, n term can bewritten as:
t=a+(n-1)d

Hence, if thefirst term and the common difference of anA. P. are known then any term of
A. P. can be determined by the aboveformula

Sometimes, then™ term of anA. P.isexpressed, intermsof n, e.g. t =2n-1. Inthat case, the
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A. P.will beobtained by substitutingn=1, 2, 3, --- intheexpression. Inthiscase, the
termsof theA.P. arel, 3,5,7,9, ---

SENJENKNE Find the 10" term of theA. P: 2, 4,6, ...

Solution : Herethefirst term (a) = 2 and common differenced=4-2=2

Usingtheformulat =a+ (n-1) d, wehave
t,=2+(10-1)2=2+18=20
Hence, the 10th term of thegivenA. P.is 20.

EnJENRPA The 107 term of an A. P. is — 15 and 31% term is =57, find the 15" term.

Solution : Let abethefirst term and d bethe common difference of theA. P. Then from the
formula

t =a+(n-1)d wehave

t,=a+(10-1)d=a+9

t,=a+(@1-1)d=a+30d
Wehave,

a+9d=-15 ..(1
a+30d=-57 ..(2
Solve equations (1) and (2) to get thevalues of aand d.

Subtracting (1) from (2), wehave
21d=-57+15=-42

Againfrom(1),a=-15-9d=-15-9(-2)=-15+18=3
Nowt =a+ (15-1)d
=3+14(-2)=-25

=Sl NRRR \\/hich term of theA. P: 5,11, 17, ...is119?

Solution : Herea=5,d=11-5=6
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t, =119

Weknow that
t=a+(n-1)d

0 119=5+(n-1)x6

19-5
=

O ((n-21=

O n=20
Therefore, 119 isthe 20th term of thegivenA. P.
Is600 aterm of theA. P: 2,9, 16, ...?
Solution : Here,a=2,andd=9-2=7.
Let 600 be the n™ term of theA. P. Wehavet =2+ (n-1)7
According tothe question,
2+(n-1)7=600
O (n-1)7=598

598
n="-+1
or 7

3
n=86—
H 7

Sincenisafraction, it cannot beaterm of thegivenA. P. Hence, 600 isnot aterm of thegiven
A.P

SENENKRE The common differenceof anA. P.is3and the 15" termis 37. Find thefirst
term.

Solution : Here, d =3, t

' 715

=37,andn=15
Let thefirst term bea. Wehave

t =a+(n-1)d
37=a+(15-1)3
o, 37=a+42
U a=-5

Thus, first term of the given A. P. is—5.
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b c
SEC KA If a + b+ c=0and are. in A. P, then prove that

b+c c+a a+b

1 1 1
b+c’'c+a a+b

aeasoinA.P

b

a C
Solution. : Since , , areinA. P, therefore

or,

or,

or,

or,

b+c c+a a+b

b a _ ¢ b
c+a b+c a+b c+a

(—b +1)—(—a +1j:( ¢ +1j—( b +1)
c+a b+c a+b c+a
atb+c a+b+c_a+b+c a+b+c

c+a b+c a+b c+a

1 1 _ 1
c+a b+c a+b c+a

(Sincea+b+c z0)

1 1
b+c' c+a a+b

aeinA.P

. CHECK YOUR PROGRESS 13.1

Find then" term of each of the following A. P’s. :
@1,35,7,--- (b)3,5,7,9, -
Ift =2n+1,thenfindtheA.P.
_ 1 1 _ ,
Which term of theA. P. 25 4, 55 ' .....1$31?Find also the 10" term?
Is—292atermofthe A.P.7,4,1,-2,...7
Them"term of anA. P.isnand the n® termism. Show that its (m+ n)" termiszero.

ThreenumbersareinA. P. The difference between thefirst and thelast is 8 and the
product of thesetwo is 20. Find the numbers.

Then™"term of asequenceisna+ b. Provethat the sequenceisanA. P. with common
differencea
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13.3 TO FIND THE SUM OF FIRST n TERMSIN AN A. P.

Let abethefirst term and d bethecommon differenceof anA. P Let| denctethelast term, i.e.,
the n® term of theA. P. Then,

=t =a+ (n-1)d ()
Let S denotethesum of thefirstntermsof theA. P. Then

S=za+(@+d+@+2d)+..+(I-2d)+(I1-d)+I . (i)
Reversingtheorder of termsintheR. H. S. of the above equation, we have

S=l+(-d+(-2d)+..+(@+2d)+(a+d)+a . (1)

Adding (it) and (ii) verticadly, weget

2S =(a+l)+(@+l)+(a+l)+..containingnterms=n(a+ )

™ sn=g(a+l>

Al S, :2[2a+ (n-Dd] [From(i)]

Itisobviousthatt =S -S|

G [-NRNA Find thesumof 2+4+6+...nterms.

Solution.: Herea=2,d=4-2=2

n
Usingtheformula S, = E[Za +(n-1) d], weget

5= 512x2+(n-1)2]

:g[2+2n] _2n(n+l) (r;l)
=n(n+1)
Find the sum of the sequence 2, 3,5, 9, 8, 15, 11, ...to (2n + 1) terms
Solution. Let Sdenotethesum. Then
S=2+3+5+9+8+15+11+...(2n+ 1) terms

=[2+5+8+11l+...(n+1)terms] + [3+9+ 15+ 21 + ... ntermg]

:n7+1[2x2+(n+1—1)3]+g[2><3+(n—1) 6]
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:n7+1[4+3n] +2[6+6n—6]

_(n+1)(3n+4) + 3
2

:%[C%n2 +7n+4+6n2]

:l[9n2+7n+4]
2

EJENKRR The 35" term of anA. P.is69. Find the sum of its 69 terms.

Solution. Let abethefirst term and d bethe common difference of theA. P

Wehave
t,=a+(35-1)d=a+ 34d.
0 a+34d=69 (1)

n
Now by theformula, S, = > [2a+(n-1)d]

Wehave
S = [2a+ (69-1) d]

=69 (a + 34d) [usng(i)]
=69 x 69 =4761

SC UMM Thefirst term of anA. P.is10, thelast termis50. If thesum of dl theterms
15480, find the common difference and the number of terms.

Solution : Wehave: a=10,1=t =50, S =480.

By substitutingthevauesof a,t and S intheformulae

S :g@a’f(n—l)dﬁand t = at (n—1)d, weget

48022[20+(n—1)d] (i)
50=10+(n—1)d .- (il
From (if), (n— 1) d= 50— 10 = 40 )
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MODULE - Il | grom (i), wehave
Sequences And

Seri
eries 480 = g (20+ 40) using (i)

or, 60n=2x480

Notes
. n:2x480:16
60
From (iii),
0 d-ﬂ 8 1=16-1=15
15 3 (asn-1= =15)

Let thent" term and the sum of ntermsof anA. P. bep and g respectively.
[(29-pnQ

Provethat itsfirsttermis BTB

Solution: Inthiscase, t =pand S =q
Let abethefirst term of theA. P,

Now, Sn:g(aﬂn)

n
—(a+Dp)=
or, 2( p)=q

2
n
2
or, a=—q—p
n
29— pn
G a-2a-p
n

. CHECK YOUR PROGRESS 13.2

Find the sum of the following A. P’s.
(a) 8,11, 14,17,---upto 15terms (b) 8, 3,-2,-7,-12,.--uptonterms.
2. How manytermsof theA. P.: 27,23, 19, 15, ... haveasum 95?
3. A mantakesaninterest-freeloan of Rs. 1740 from hisfriend agreeingto repay in monthly
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ingaments. HegivesRs. 200in thefirst month and diminisheshismonthly instamentsby
Rs. 10 each month. How many monthswill it taketo repay theloan?

4.  How many termsof theprogression 3, 6,9, 12, - --
must betaken at theleast to have asum not lessthan 20007?

5. Inachildren potatorace, n potatoesare placed 1 metreagpart inastraight line. A competitor
sartsfromapoint inthelinewhichis5 metrefrom the nearest potato. Find an expression
for thetotal distancerunin collecting the potatoes, oneat atimeand bringing them back
oneat atimeto the starting point. Calculatethevaluenif thetotal distancerunis162
metres.

6. Ifthesumof first ntermsof asequencebean?+ bn, provethat the sequenceisanA. P.
andfinditscommon difference?

134 ARITHMETIC MEAN (A. M)

Whenthreenumbersa, A andbareinA. P, then A iscalled the arithmetic mean of numbersa
and b. We have, A—a=b-A

A= a+b
or, ==

a+b

Thus, therequired A. M. of two numbersaandbis 5

. Consider thefollowingA. P:

3, 8,13, 18, 23, 28, 33.

There arefive terms between thefirst term 3 and the last term 33. Theseterms are called
arithmetic meansbetween 3 and 33. Consider another A. P : 3, 13, 23, 33. Inthiscasethere
aretwo arithmetic means 13, and 23 between 3 and 33.

Generdly any number of arithmetic means can beinserted between any two numbersaand b.
LetA, A A, ..., A benaithmetic meansbetweenaand b, then.

aA,ALA, .., A bisanA.P.
Let d bethecommon differenceof thisA. P. Clearly it contains (n + 2) terms
O b=(n+2)"term

za+(n+1)d
O _
d:b a
n+1
_ b-a
Now, Al:a+d|] Al—(a+n+1) (|)
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A,= a+t2d [ A, :(a+%) ..(ii)
A = a+nd [ An (a+ n(::f)j . (N)

These arerequired n arithmetic means betweenaand b.
Adding (i), (ii), ..., (n), weget
b-a

n+1[1+2+"'n]

A +A+ . +A =na+ ...+
(b—alln(n+1) D:na+ n(b-a) =n(a+b)
HhettH 2 2 2
=n[SingleA. M. betweena and b]

=na+

[EXUEEERRY et five arithmetic means between 8 and 26.
Solution: LetA , A, A, A,and A_befivearithmetic means between 8 and 26.
Therefore, 8, A, A, A, A, A, 26areinA.P.witha=8,b=26,n=7
We have 26 =8+ (7-1) d
0O d=3
0 A=a+d=8+3=11,A,=a+2d=8+2x3=14
A,=a+3d =17,A,=a+4d=20
A.=a+5d=23
Hence, thefive arithmetic means between 8 and 26 are 11, 14, 17, 20 and 23.

SN[ [NRNER The'n', A. M's between 20 and 80 are such that theratio of thefirst mean
andthelast meanis1: 3. Findthevaueof n.

Solution : Here, 80 isthe (n+2)" term of the A. P, whose first term is 20. Let d be the

common difference.

0O 80=20+(n+2-1)d

o, 80-20=(n+1)d

d= 60

or, =il
60  20n+20+60

n+l n+1

ThefirstA.M. = 20+
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_ 20n+80
T n+1

60 _ 80n+20
n+l  n+1

ThelastA. M. = 20+nXx

Wehave

20n+80 80n+20 B
n+l  n+1

nt4 _1
4n+1 3

or,

o, 4n+1=3n+12
o, n=11
O  Thenumber of A. M'sbetween 20and 80is 11.

If X, y, zareinA. P, show that
(x+2y-z) (2y+z-X) (z+X-y)=4xy z
Solution : x,y, zareinA. P.

O y=E ..(i)
2
O (x+2y-2(2y+z-x) (z+x-Y)
=(X+X+z-2)(X+z+z-X) (2y-Y) [From(i)]
=(29 (29 (y) = 4xyz.
=R.H.S

. CHECK YOUR PROGRESS 13.3

Provethat if the number of termsof anA. P. isodd thenthemiddletermistheA. M.
between thefirst and last terms.

2.  Between 7 and 85, m number of arithmetic means are inserted so that the ratio of
(m-3)"and m"meansis 11 : 24. Find thevalue of m.

3. Provethat thesum of narithmetic means between two numbersisntimesthesingleA.
M. between them.

4. If theA. M. between p"and " termsof anA. P, beequa andtotheA. M. betweenr®
and s"termsof theA. P, thenshow thatp+q=r + s.
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13.5 GEOMETRICAL PROGRESSION

Let usconsder thefollowing sequence of numbers:

1

27
3 1,-3,9,-27, - (4) X, X2, X3, x4, ...

1) 1,2 4,816, ... 2 31

wlk
©lr

If we see the patterns of the terms of every sequencein the above exampleseachtermis
related to theleading term by adefiniterule.

For Example (1), thefirst termis1, the second termistwicethefirst term, thethird termis 2
timesof theleading term.

1
Aganfor Example(2), thefirst termis 3, the secondterm is§ timesof thefirstterm, thirdterm

1
is ? timesof thefirst term.

A segquencewith thisproperty iscalled agemetric progression.

A sequenceof numbersinwhichtheratio of any termto thetermwhichimmediately precedes
isthe same non zero number (other thanl), iscalled ageometric progression or smply G. P,
Thisratioiscalled thecommonratio.

Secondterm _ Thirdterm _
Firstterm  Secondterm

progression.

Thus, is caled the common ratio of the geometric

Examples(1) to (4) aregeometric progressionswith thefirst term 1, 3, 1,x and with common
51 :
ratio 2,5,—3 , and x respectively.

Themost general form of aG. P. withthefirst termaand commonratior isa, ar, ar?, ar?, ...

13.51 GENERAL TERM

Let usconsider ageometric progression with thefirst termaand commonratior. Thenits
termsaregiven by

a, ar, ar? ard, ...
Inthiscase, t, =a= ar**
t,=ar=ar*!
t,=ar’=ar**

t,=ar’=ar*!
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Ongenerdisation, we get the expression for then™ termas
t =ar™t ..(A)
13.5.2 SOME PROPERTIESOFAG. P.

@) Ifdlthetermsof aG P. aremultiplied by the samenon-zero quantity, theresulting series
isasoinG P. Theresulting G P, hasthe same common ratio astheoriginal one.

Ifa,b,cd,..aeinGP
then ak, bk, ck, dk ... aredsoinG P (k#0)

(i) Ifdlthetermsof aG P. areraised to the same power, theresulting seriesisalsoin G P.
Leta, b,c,d..areinG P

theak, b¥, ¢, d, ... aredsoinG P (k#0)

The common ratio of theresulting G. P. will be obtained by raising the same power to the
origind commonratio.

Find the 6" term of the G. P: 4, 8, 16, ...
Solution : Inthiscasethefirstterm (a) =4
Commonratio(r)=8+4=2
Now usingtheformula t = ar™*, we get
t,=4x201=4x32=128
Hence, the 6" term of the G P. is 128.
The4th andthe 9"term of aG. P. are8 and 256 respectively. Findthe G. P,
Solution : Let abethefirsttermandr bethecommon ratio of the G P, then
t,=ar*t=ar

t,=ar*'=ar®

Accordingto the question, ar® = 256 (D
and ar*=8 (2
ar 8
or rr=32=2°

W =2

Againfrom(2),ax 22=8
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Therefore, theG P.is
1, 2,48, 16, ...
Notes | FNETSIFKRNA \\/hich term of the G, P.: 5,10, 20, — 40, ... is 3207

-10
Solution : Inthiscase, a=5: r—?——Z_

Supposethat 320 isthe n"term of the G. P.
Bytheformulat = ar™*, we get

t =5, (-2)"*

5. (-2)™ =320 (Given)
(-2)~t =64 = (-2)°

n-1=6

n="7

Hence, 320 isthe 7" term of the G. P.

U
U
U
U

SCnlNRNE] If o, b, c,andd arein G. P, then show that (a + b)?, (b + ¢)?, and (c + d)?
areadsoinG P,

Solution. Sincea, b, c,andd arein G P,

b _
0 -
a
b?=

0 = bd, ad = bc (1)

Now, (a+ b)? (c+d)? = {a+b)(c+d)H = (ac+ bc+ ad + bd)?
= (2 + & + 2bo)? .[Using(1)]
=[0+o°T

(c+d)? _ (b+c)?
(b+c)® (a+h)?

Thus, (a+ b)? (b+ c)? (c+ d)?areinG P.
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1
1. Thefirsttermand thecommonratio of aG P. arerespectively 3and — > Writedown

thefirst fiveterms.

2. Whichtermof the G P series 1, 2, 4, 8, 16, ... is 1024? 1s520 aterm of the G. P.
saies.?

3. Threenumbersarein G P. Their sumis43 and their product is216. Find thenumbersin
proper order.

4. Then"termof aG P.is2 x3for al n. Find (a) thefirst term (b) the common ratio of the
GP

13.6 SUM OF n TERMS OF A G. P.

Let adenotethefirst termandr thecommonratio of aG P.Let S represent thesum of first
ntermsof theG P.

Thus S =a+ar+ar*+..+a"*+a"" .. (D
Multiplying (1) by r, weget
rS=ar+ar’+ ...+a"+a™+ar" .. (2
-0 S-rS=a-ar"
o S(@-r=a@-rm

0os, =% A
_a(r"-1

Either (A) or (B) givesthesumupto then®™termwhenr # 1. Itisconvenient to useformula
(A) when|r|<21and(B)when|r |>1.

SEnJENRKIE Find the sum of the G P

1,3,9, 27, ... up to the 10" term.

Solution : Herethefirst term (a) = 1 and thecommonratio (r) =1°

Now using theformula, S, = , (- r>1)weget
S, = 1(3°-1 3°-1
¢ 341 2
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1
=[NPl Find the sum of the G, P: ﬁ,]-,\/g, , -+, 81

1
i . a=——,I= 3 =| =
Solution : Here, 3 V3 and t =1=81

Now t, =81 = % (V3™ =(3™

|:| (\/é)n—z - 34 = (\/5)8

Arithmetic And Geometric Progression

0 n-2=8
oo n=10
1[\/:—310_1
O Sn :\/é—
V3-1
(\/5)10 _1
~ 3-43
DGl [NKWAM Find the sum of the G. P.: 0.6, 0.06, 0.006, 0.0006, ---to nterms.
Solution. H =06=— dr‘%‘i
ution. Here,2=0.6= 7 an 06 10
_ a(l-r"
Usingtheformula S, = (1 - ),wehave [+ r<]]

2

1
Hence, therequired sumis 3( 10" j
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=einlo w2 How many termsof thefollowing G P: 64, 32, 16, - - -

32 1 255
a= 64r———— =127 —-=—
Solution : Here, o (<)and S, = > 5
a(l-r"
Usingtheformula S, = (1—r ),weget
64{1_(1)}
5 = 2
L1
o 1_(1)}
2) | 255 ,
l ) 1 - ... (given)
2
O mgd 255
1281 - = —
or 5 BEHD 5
(1] -2
o 2) 256
(1)” 255 1 (1)8
o |z| Fl-——X=—==|2
2 256 256 \2

0O n=8
Thus, therequired number of termsis8.

SENN[CHRWER nd the sum of thefoll owing sequence:

2,22,222, ......... tonterms.
Solution : Let Sdenotethesum. Then

S=2+22+222+ ... tonterms

=2(1+11+111+ ... tonterms)
2

=9 (9+99+999 + ... tonterms)

1
hasthesum 1275
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MODULE - lll 5
Sequences And :—{(10—1) +(107-1)+(10°-1)+ ..ton terms)}
Series 9
=3{(1o—102 +10° + ...to n terms) - (1+1+1+ ...to n terms)}
9
Notes
_21((10"-1
91 10-1 " [+10-10% +10% +.. isaG Pwithr = —10<1]
_2[10"-1-9n
9 9

2 n
:8—1(10 —1—9n)

=ETTo] (SN2 i nd the sum up to nterms of the sequence:

0.7,0.77,0.777, --.
Solution : Let Sdenotethe sum, then
S=0.7+0.77+0.777 + ... tonterms
=7(0.1+0.11+0.111 + ... tonterms)

7
=3 (0.9+0.99 + 0.999 + ... to nterms)

7
=9 {(1-0.1) + (1-0.01) + (1 —0.001) + --- to nterms}

7
=9 {(1+1+1+..nterms)-(0.1+0.01+0.001 + ... to nterms)}
:ZEn-Dl +i2+i3+...to nterrnsm

90 0 100 1 %

(Sincer<1)
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_7[on-1+10"
9

7 n
- 8—1[9n—1+10 ]

. CHECK YOUR PROGRESS 13.5

Find the sum of each of thefollowing G. P's:

1

1
(@) 6, 12, 24, ...to 10 terms (b) L - 8’1 to 20 terms.

I\)lH
-I>|H

2. Howmanytermsof theG P. 8,16, 32,64, --- havetheir sum 8184 ?

bl —a?
b-a

3.  ShowthatthesumoftheG P a+b+..+lis

4.  Findthesum of each of thefollowing sequencesuptonterms.
€) 8, 88, 888, ... (b) 0.2,0.22,0.222, ...

13.7 INFINITE GEOMETRIC PROGRESSION

Sofar, wehavefound the sum of afinite number of termsof aG P Wewill now learntofind
out thesum of infinitely many termsof aG Psuch as.

P~
N

1
16’

-1>|H
OO|I—\

1
Wewill proceed asfollows: Herea =1, r =§.

and sumto nterms

1
Then"termof the G P.ist_= ol

So, no matter, how largen may be, the sum of ntermsisnever morethan 2.
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Arithmetic And Geometric Progression

So, if wetakethesum of al theinfinitely many terms, we shal not get morethan 2 asanswer.
Also notethat therecurring decimal 0.3isreally 0.3+ 0.03 + 0.003 + 0.0003 + ...
i.e., 0.3isactualy the sum of theaboveinfinite sequence.

On the other hand it is at once obvious that if we sum infinitely many terms of the G. P.
1,2,4,8,16,...weshall get afinitesum.

So, sometimeswemay beableto add theinfinitely many termsof G P. and sometimesaremay
not. We shall discussthisquestion now.
13.7.1 SUM OF INFINITE TERMSOFA G. P.
Let usconsider aG. P. withinfinite number of termsand commonratior.
Casel: Weassumethat |r |>1
Theexpression for the sum of ntermsof the G. P. isthen given by

S = a(r" -1

r-1

n

ar a
= - (A
r-1 r-1 (A)

Now as n becomes larger and larger r" also becomes larger and larger. Thus, when nis
infinitely largeand |r |> 1 thenthe sumisalso infinitely large which hasnoimportancein
Mathematics. Wenow consider the other possibility.

Case2: Let|r|<1

Formula(A) can bewrittenas

n

_a@-r)_ a a
1-r 1-r 1-r

S

Now asn becomesinfinitely large, r"becomesinfinitely smal,i.e,asn - o ,r" - 0,then
the aboveexpression for sum takestheform

Hence, thesum of aninfiniteG P. with thefirst termaand commonratior isgiven by

s=_2 i
—F,whenlr|<1 (1)
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: o 1 2 4 8
el ICNRWY Find the sum of theinfinite G P 39 27" 81’

2
. . . 1 -_9.-_2
Solution : Here, thefirst term of theinfinite G P.is a::—)’, and 1 3’
3
| 2_2
Here, |r | = —§—§<1

a
0  Usngtheformulafor sum S= 1_ Wwehave

1
B 2Y ., 275
1= 1+=
(3] 3

1
Hence, thesumof thegiven G P.is -

el NRWEN Expressthe recurring decimal g 3 asaninfinite G P andfinditsvaluein
rationa form.
Solution. o3 =0.3333333...
=0.3+0.03 + 0.003 + 0.0003 + ...
3.3 3 3
=t —+—+—+
10 10° 10° 10°

=
Qe
|
N
H

3 =
TheaboveisaninfiniteG P withthefirstterm a = E and r

5l
H
o

a
Hence, by usingtheformula 5= 7 weget

3 3
03=—10_-10
1 9

1-— =

10 10

_3_1

9 3

Hence, therecurring decimal 0.3= 3
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SYEl o [SNKPy@ Thedistancetraveled (incm) by asimplependulumin consecutive seconds

arel16, 12,9, ... How much distancewill it travel before comingtorest ?

Solution : Thedistancetravelled by the pendulum in consecutive secondsare, 16,12, 9, ...1s

3

12
aninfinite geometric progressionwith thefirstteema=16andr =— =—<1,

16 4

a

Hence, usingtheformula S = 1_r Wehave

s:—163 :1—16:64
1-> =
4 4

[0 Disgtancetravelled by thependulumis64 cm.

8
el NRPZR Thesum of aninfinite G P.is3and sumof itsfirst twotermsis — . Findthe

3

firstterm.
Solution: Inthisproblem S=3. Let a bethefirst termand r bethe common ratio of thegiven
infiniteG P,
Then according to the question.
8
atar=—
3
o, 3a(l+r)=8 .. (D

a
Alsofrom S= 1 wehave

o, a=3(1-r) (2
From (1) and (2), we get.
33(L-r(@+r)=8

8
1-r>=—
or, 9
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1
r’==
or, 9

ol
or, —3

1C 1
From(2),a=3 E@éE:ZoMaccordingasr = i§'

N\
Lei‘ CHECK YOUR PROGRESS 13.6

(1) Findthesum of each of thefollowinginifiniteG. Ps:

l+l+i+i+---oo b z+i+£+3+
@379 b E s E

2. Expressthefollowing recurring decimasasaninfinite G P. and then find out their values
asarational number.

@ 0.7 (b) 0.315
3. Thesumof aninfiniteG P.is 15 and thesum of the squares of thetermsis45. Find the
G.P.

1 1
4. Thesumof aninfiniteG P is§ andthefirsttermisz .FindtheGP.

13.8 GEOMETRIC MEAN (G.M.)
If a, G barein G P, then Giscalled the geometric mean between aand b.

If three numbersarein G. P, the middle oneiscalled the geometric mean between the other
two.

if aG,G,..,G, baeinGP,
then G, G,, ... G arecaledn G. M.'sbetweenaandb.
The geometric mean of n numbersisdefined asthen™ root of their product.

Thusif a, a,, ..., a arennumbers, thentheir

1

G.M.=(a,a,..a)"
Le GbetheG M. betweenaandb, thena, G barein G P
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MODULE-IIl | or, &2=ab

Sequences And
Series o, G=4+ab
0  Geometricmean=,/Product of extremes
Nowes| Civenany two positive numbersaand b, any number of geometric means can beinserted

- a,a,a,.., a bengeometric means between aand b.
Thena, a, a, ... a,bisaGP.
Thus, b beingthe (n + 2)""term, we have

b=arm

n+l _

o, [T

o |oT

or I’:EbD]‘:rl
R

1

b \n+1
Hence, a =ar = ax (E)

2

azzarzz aXEbDIHl
Ry

n

Further we can show that the product of thesen G. M.'sisequal to n"" power of thesingle
geometric mean betweenaand b.

Multiplyinga,.a,, ... a, wehave

1, 2 n
+ +—

AT

a,a,-a, :a”Eb
’ i

1+2+---+n
n+l

n

=a

hO
kb
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n(n+l)

[2(n+1)

b
% HH

N[>

(ab)2 =(Vab) =G"

=(singleG. M. betweenaand b)"

3 27
=SeEgldlNRpiel Find the G. M. between 5 and >

Solution : Weknow that if aisthe G M. betweenaand b, then

G=+/ab

0 GM.between & and o = [Sx 20 =3
-M. between - and — 55 75

SETNENRRIN | nsert three geometric means between 1 and 256.

Solution: Let G, G,, G,, bethethree geometric means between 1 and 256.

Thenl,G, G, G, 256 areinG P.

If  r bethecommonratio, thent, = 256

ie art=2560 1. r*=256

o, r>=16

o, r==4

Whenr=4,G, =1.4=4,G,=1.(4?=16and G,= 1. (4= 64
Whenr=-4,G,=-4,G,= (1) (-4)2=16and G, = (1) (-4)° = 64
[0  GM. between 1 and 256 are 4, 16, 64, or, — 4, 16, —64.

SCEHRRIMIf 4, 36, 324 arein G P, insert two more numbersin thisprogression so that

itaganformsaG. P.

Solution : G. M. between4and 36 = /4 x 36 = /144 =12

G. M. between 36 and 324 = /36 x 324 = 6x18 =108
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MODULE - Il 1 it we introduce 12 between 4 and 36 and 108 betwen 36 and 324, the numbers
SequencesAnd | 4,12, 36, 108, 324 forma G. P
Series

0  Thetwo new numbersinserted are 12 and 108.

n+l n+l

a
SCINNKRPE Find the value of n such that RO may be the geometric mean

Notes| hetweenaandb.

Solution : If xbe G. M. between aand b, then

n+l n+l 1
a“+b"™ _ 2

1
2
b =a?b

I~

a.n+1_|_bn+1 _D %b n n
o, = a'+b )
4

N

1 1 1

1
n+= = = ks
o, a™+p™=a 2p2+a2b 2

i 1 R
o, a"™-a 2 p2=za2ph 2-p™

1 1 1 1 1 1
or a"*z[az_bz):b“*z[az_bz]

or, a 2=p 2

or, =1

“ ()
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13.8.1 RELATIONSHIPBETWEENA. M.AND G.M.
Let a and b bethetwo numbers.
Let A and GbetheA. M. and G. M. respectively betweenaand b

a+b
0 A= ZGJ_

A-G———J_

(Va)’ +(vb)’ - 2vab
2

= 5 (Ya-+b)">

I\)ll—‘

0 A>G

SEfJ[SNREEN T he ari themeti c mean between two numbersis 34 and their geometric mean
is16. Find the numbers.
Solution : Let thenumbersbeaandb.

SinceA. M. betweenaand bis 34,

a+b
ry =34, or, a+b=68 .. (D

Since G. M. betweenaand bis 16,

0 Jab =160r,ab=256

weknow that (a—b)>=(a+b)>-4ab (2
= (68)2 - 4 x 256
= 4624 - 1024 = 3600

O a-b= /3600 =60 (3
Adding (1) and (3), weget, 2a=128
0 a=64

Subtracting (3) from (1), are get
2b=8 or, b=4
00  Reguired numbersare64 and 4.
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MODULE - il SEINT ][R T he arithmetic mean between two quantitiesb and c is a and the two

Sequences And .
q Series geometric means between them areg, and g,,. Provethat
g°+g,°=2abc
Solution: TheA. M. betweenbandcisa
Notes b+c

S =a,or, b+c=2a

Againg, andg, aretwo G. M.'sbetweenband ¢
0 bg,g,caeinGP

If r bethecommonreatio, then

1
c=br® or, r:(—)3

= bc (2a) [sinceb+ c=24q]
= 2abc

SCINENRRIY I f one geometric mean G and two arithmetic means p and g be inserted
between two quantities, show that :

G*=(2p-0) (2a-p)
Solution : Let thetwo quantitiesbeaand b, then

G= /ap or, G=ab ()
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Alsopandgaretwo A. M.'sbetweenaand b
0 ap,qbaeinA.P.

0 p-a=q-pandgq-p=b-q

O a=2p-gandb=2q-p

0 G*=ab=(2p-0q)(2a-p)

SEnlJ NN The product of first threetermsof a G P.is1000. If weadd 6 toits second
termand 7 toits3rd term, thethreetermsform anA. P. Find thetermsof the G P

: a .
Solution: Let t, = ?1t2 =aand t, = ar bethefirst threetermsof G. P

a
Then, their product = Laars 1000 or, a*= 1000, or, a=10

By the question, t

) 11

t,+6,t,+7areinA. P, (1)
. a .
e ?,a+ 6,ar + 7areinA. P

0 (@+6)-=(@+7)-(@+6

or, 2(a+6):%+(ar +7)

o, 2(10+6) =27+ (10r +7) fusing (1]

o, 32r=10+10r2+7r
or, 10r2-25r+10=0

25+ /625~ 400 _ 25+ 15

20 20

g r=

:2,

N[

10
Whena=10,r = 2. thenthetermsare o 10(2) i.e., 5, 10, 20

1 1
Whena=10, I = 5 thenthetermsare 10(2), 10, 10 (E) i.e, 20,10,5
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Q
\ ¥ @ CHECK YOUR PROGRESS 13.7

1.

1
Insert 8 G. M.'s between 8 and o

If a, isthefirst of n geometric means betweenaand b, show that
a1n+1 = an b

1 1 1
Gl aZ Gl_p G?

If GistheG. M. betweenaand b, provethat

If the A. M. and G. M. between two numbersareintheratiom: n, then provethat the

numbersareintheratio m+ /n? —=n? : m-./m’ — n?

If A and G arerespectvely arithmetic and geometric means between two numbersaand
b, then show that A > G.

13
Thesumof firstthreetermsof aG. P.is 1 and their product is—1. Find the G. P.

The product of threetermsof aG. P.is512. If 8 added to first and 6 added to second
term, the numbersformanA. P, Find the numbers.

AILET USSUM UP

Thegenera termof anA. P.
a,a+d,a+2d,..isgivenbyt =a+ (n-1)d
S, thesumof thefirst ntermsof anA. P.

a,a+da+2d,.. is

givenby S = 2[26. +(n-1) d]

n
=5 (@a+1),wherel=a+ (n-1)d.

A sequenceinwhichthedifference of two cousecutivetermsisawaysconstant (# 0) is
called anArithmetic Progression (A. P)

tn: Sn_Sn—l
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MODULE - Il
. 1+2+3+ ... +n= M Sequences And
2 Series

a+b
>

. An arithmetic mean betweenaandbis

. A ssguenceinwhichtheratio of two consecutivetermsisawayscongtant (z O)iscalled | Notes
aGeometric Progression (G. P)

« Then"teremofa G P: a,ar, ar?, ...isar"*

. Sumof thefirstntermsof aG. P: a, ar, ar?, ...is

a(r"-1)

S =

n

for|r|>]

_ a(l-r")

for|r|<1
1 [T

. Thesumsof aninfintite G P. a, ar, ar?, ... isgiven by

S—if <1
=1, or|r|

«  Geometric mean G betweentwo numbersaandbis./3p

o  The arithmetic mean A between two numbers a and b is always greater than the
corresponding Geometricmean G i.e.,, A>G.

e SUPPORTIVE WEB SITES

http:/mww.wikipedia.org

http://mathwor |d.wolfram.com

qﬁ TERMINAL EXERCISE

1. Findthesum of al thenatura numbersbetween 100 and 200 which aredivisibleby 7.

2. Thesumof thefirst ntermsof twoA. P'sareintheratio (2n—1) : (2n+ 1). Findtheratio
of their 10" terms.

3. Ifab,caeinA.Pthenshowthatb+ c,c+ a,a+ bareasoinA.P.
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MODULE - Il f 4 Ifa,a,..,a aeinA.P,thenprovethat

Sequences And
Series 1 1 1 1 n-1
+ + +...+ =
a,d, aa; a38, a,,a, a4,
5  If(b-c)? (c—-a)? (a—b)?areinA. P, then prove that
Notes

1 1 1
b-c'c-a'a-b

, areasoinA. P

6. If the p", g" and r" terms are P, Q, R respectively. Prove that
PQ-R)+Q(R-P)+r(P-Q)=0.
7. Ifa b, carein G P.then provethat

i+i3j:a3+b3+c3

1

8. Ifab,c,dareinG P, show that each of thefollowingformaG P.:
@ (a®-b), (b*-c), (- d)

1 1 1
(b) a2+b2’b2+c2’02_d2

9. Ifxy, zarethep™, g"and r'"terms of aG. P, prove that
X&TyP =1

10. Ifa,b,careinA.P andx,y, zarein G P.then provethat
Xoeyea 720 = 1

11. Ifthesumof thefirstntermsof aG P.isrepresented by S, then prove that
S6,-S)=(E,-9)

12. Ifp,q,r areinA. P.then provethat thep™, g"and r'" termsof aG. P. arealsoin G P.

1. 1 1
13. IfSn:1+§+?...+F,findtheleastvalueofnwchthat

1
2-§ <—
* <100

14. If thesumof thefirst ntermsof aG P.isSand the product of thesetermsisp and thesum
of their reciprocasisR, then provethat

(3
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2N
G} ANSWERS

CHECK YOUR PROGRESS13.1
1. @2n-1 (b)2n+1
2. 3,5709,.. 3.20,16 4.n0 5. m+n

CHECK YOURPROGRESS13.2

n
1. (9435 (b) > R21-5n*F
2 5 3.12

4. 37 5 n>+9n,9

6. 2a

CHECK YOUR PROGRESS13.3
2.5

CHECK YOUR PROGRESS13. 4

1 3_§§_§3 211th
YT 247816 - o
3. 366101636  4.(36 (b) 3

CHECK YOUR PROGRESS13.5

2 1
1. (a)6138 (b) 3 1—ﬁ
2. 10
80 8n 2n 2 1
= (10"=1 == Z _Z 1=
4 (@ g (10-1- ) g 81( 10

6. 10,6, 2, ...
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CHECK YOUR PROGRESS13.6

L@l BEE
@, ) 5,
NN , 52
. @7 (0) 745
10 20 40
3. 5|_a_,_, . 00
3 9 7
, Li11
474774340
CHECK YOUR PROGRESS 13.7
1111 1
4!2! IR R R R |
1 1'2 4 816 32
4 3 3 4
6. §, ]-.Z OI’Z, 1.5
7. 4,8, 16

TERMINAL EXERCISE
1. 2107
2. 37:39
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