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35

lery

vius ?kj esa ,d dejs dks lw{erk ls nsf[k;sA bldh pkj nhokjsa gSa] ,d
Nr rFkk ,d iQ'kZ gSA iQ'kZ rFkk Nr nks lekUrj leryksa ds Hkkx gSa] tks
viuh lhek ls vifjfer :i ls iQSys gq, gSaA vki lekUrj nhokjksa ds
nks ;qXe Hkh n[ksxsa] tks lekUrj leryksa ds Hkkx gSaA blh izdkj] esatksa ds
Vki (Åijh i`"B)] dejksa ds njokts] bR;kfn leryksa ds Hkkxksa ds
mnkgj.k gSaA

;fn ge fdlh lery esa nks fcUnq yas] rks budks feykus okyh js[kk iwjh
dh iwjh lery esa fLFkr gksrh gSA ;g lery dh fo'ks"krk gSA

fp=k 35.1 dks nsf[k;sA vki tkurs gSa fd ;g ,d vk;rkdkj fMCcs dks
iznf'kZr djrk gSA blds 6 iQyd gSa] vkB 'kh"kZ rFkk 12 fdukjs gSaA
foijhr vkSj lekUrj iQydksa ds ;qXe gSa%

(i) ABCD vkSj FGHE

(ii) AFED vkSj BGHC

(iii) ABGF vkSj DCHE

rFkk lekUrj fdukjksa ds leqPp; fuEu gSa%

(i) AB, DC, EH vkSj FG

(ii) AD,BC, GH vkSj FE

(iii) AF, BG, CH vkSj DE

mQij fn;s x, 6 iQydksa esa ls izR;sd lery (ry) dk ,d Hkkx gS vkSj ;gk¡ lekUrj leryksa ds
rhu ;qXe gSa ftUgsa foijhr iQyd fu:fir djrs gSaA

bl ikB esa ge ,d lery dk O;kid lehdj.k fudkysaxss] rhu fcUnqvksa ls gksdj tkus okys lery
dk lehdj.k] lery ds lehdj.k dk vUr%[k.M Lo:i rFkk lery ds lehdj.k dk vfHkyEc
Lo:i Kkr djsaxsA

    mís';
bl ikB ds vè;;u ds ckn] vki fuEufyf[kr esa leFkZ gks tk,axs %
• ,d lery dks igpkuuk
• ,d lery dk vfHkyac :i esa lehdj.k LFkkfir djuk

• ,d fn, x;s fcUnq ls gksdj tkus okys lery dk O;kid lehdj.k Kkr djuk

fp=k 35.1
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• rhu fn;s x, fcUnqvksa ls gksdj tkus okys lery dk lehdj.k Kkr djuk

• var%[k.M Lo:i vkSj vfHkyac Lo:i esa lery ds lehdj.k djuk

• nks leryksa ds chp dk dks.k Kkr djuk

iwoZ Kku
• f=kfoe (f=kfoeh;) T;kfefr dk ewy Kku

• ,d js[kk dh fnd&dksT;k,¡ vkSj fnd&vuqikr

• ,d js[kk[kaM dk vU; js[kk ij iz{ksi

• vkdk'k esa nks js[kkvksa ds yEc vFkok lekUrj gksus ds fy, izfrcU/

35-1 lery dk lfn'k lehdj.k

, d  ler y  dks vf )r h; : i  ls Kkr  f d ;k tk ldr k gS ;f n  f u E u f y f [kr  esa l s dksb Z , d  Kkr gS %

(i) ler y  dk vf Hky ac  vkSj  ewy  f c Un q ls ler y  dh n wj hA

(ii) ler y  dk vf Hky ac  vkSj  ler y  i j  , d  f c Un q] f n ;k gSA

(iii) ;g f n ,  x,  r hu  vlaj s[k f c Un qvksa ls gksd j  tkr k gSA

35-2 vfHkyac :i esa lery dk lehdj.k

eku  y hf t ,  ewy  f c Un q O ls ler y  dh n wj h (OA) d gS vkSj  $n , ler y  ds vf Hky ac  ek=d
lf n ' k gSA  D;ksaf d  OA, ewy  f c Un q O ls ler y  dh y E c o r ~
n wj h gS vkSj  $n  ler y  i j  y E c  ek=d  lf n ' k gS %

∴ OA
uuur

 = $d n

...(1)

vc AP
uuur

 = $OP OA r d n− = −
uuur uuur r

...(2)

OA
uuur

 ler y  i j  y E c  gS vkSj  AP
uuur

 ler y  esa f L Fkr  gS]

b lf y ,  OA AP⊥
uuur uuur

⇒ .AP OA
uuur uuur

 = 0

i.e. $ $( ).r dn n−
r

 = 0

i.e. $.r n d−
r

 = 0

i.e. $.r n
r

 = d                                               ...(3)

;g ler y  ds lehdj .k dk lf n ' k : i  gSA

35-3 lery ds lehdj.k ds lfn'k :i dks dkrhZ; :i esa
ifjofrZr djuk

eku  y hf t ,  f c Un q P ds f u n sZ' kkad  (x, y, z) gSa vkSj  l, m, n ek=d  lf n ' k $n  d s f n d~&dkslkb u  gSaA

fp=k 35.2
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rc r
r

 =
$ $xi y j zk+ +$

$n  =
$ $li m j nk+ +$

r
r

 r Fkk $n  d k eku  lehdj .k (3) esa i zf r L Fkkf i r  dj u s i j ]

$ $ $ $( ) . ( )xi y j zk li my nk+ + + +$ $  = d

⇒ lx my nz+ +  = d

tks f d  ler y  ds vf Hky ac  : i  lehdj .k dk laxr  dkr hZ; : i  gSA

f V I i . k h %f V I i . k h %f V I i . k h %f V I i . k h %     lehdj .k (3) esa ;f n  .r n d=
r r

 ler y  dk lehdj .k gS] r ks d ler y  dh ewy  f c Un q

ls n wj h u gha gSA  l er y  dh ewy  f c Un q ls n wj h Kkr  d j u s ds f y ,  gesa n ksu ksa i {kksa dks | |n
r

ls f o Hkkf tr  dj ] n
r

 dks $n  esa i f j o f r Zr  dj u k i M +sxkA  b lf y , 
| |

d

n
r  ler y  dh ewy  f c Un q ls

n wj h gSA

m n k g j . km n k g j . km n k g j . km n k g j . k 35.1.  ler y  $ $. (6 3 2 ) 1 0r i j k− − − =
r

$  dh ewy  f c Un q ls n wj h Kkr  dhf t , A  ler y

i j  y E c  ek=d  l f n ' k ds f n d~&dkslkb u  Hkh Kkr  dhf t , A

g yg yg yg y : f n ,  gq,  l ehdj .k dks $ $. (6 3 2 )r i j k
r

$− −  = 1 ds : i  esa f y [kk tk ldr k gSA

$ $| 6 3 2 |i j k− −$  = 36 9 4 7+ + =

f n ,  gq,  lehdj .k ds n ksu ksa i {kksa dks 7  ls Hkkx d j u s i j
$ $. (6 3 2 )

7

r i j k
r

$− −
 =

1

7

i.e.
$ $6 3 2

.
7 7 7

r i j k
 

− −  

r
$

 =
1

7

b lf y ,  ler y  dh ewy  f c Un q ls n wj h = 
1

7
 b dkb Z

ler y  ds vf Hky ac  ek=d  lf n ' k ds f n d~&dkslkb u  
6 3 2

, ,
7 7 7

− −
 gSaA

35-4 fn, gq, fcUnq ls gksdj tkus okys ,oa fn, gq, lfn'k ds
vfHkyEc lery dk lehdj.k

eku  y hf t , ] f n ,  gq,  f c Un q A dk f L Fkf r  lf n ' k a
r

 gS r Fkk

r
r

 ler y  i j  f dl h L o sP N f c Un q P d k f L Fkf r  lf n ' k gSA

n
r

 ler y  i j  y E c  , d  lf n ' k gSA

vc AP
uuur

 = OP OA−
uuur uuur

 = r a−
r r

vc ( )n r a⊥ −
r r r

∴ ( ) .r a n−
r r r

 = 0     ...(4)

;g O;ki d  : i  esa ler y  dk lf n ' k lehdj .k gSA
fp=k 35.3

P(  )r

O

A

n

( a )
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35-5 dkrhZ; :i

eku  y hf t ,  f c Un q A ds f u n sZ' kkad  (x
1
, y

1
, z

1
) r Fkk f c Un q P ds f u n sZ' kkad  (x, y, z) gSaA  b lds

vf r f j Dr  a, b, c vf Hky ac  lf n ' k n
r

 ds f n d~&vu qi kr  gSaA

rc r
r

 = $ $xi y j zk+ +$

a
r

 = $ $
1 1 1x i y j z k+ +$

n
r

 = $ $ai b j ck+ +$

r
r

, a
r

 r Fkk n
r

 ds eku ksa dks l ehdj .k ¼ 4 ½  esa i zf r L Fkkf i r  dj u s i j ]

{ } { }1 1 1( ) ( ) ( ) .x x i y y j z z k ai bj ck− + − + − + +  = 0

⇒ 1 1 1( ) ( ) ( )a x x b y y c z z− + − + −  = 0

⇒ ax + by + cz = ax
1
 + by

1
 + cz

1
 = d ¼ eku  y hf t , ½

tks f d  l er y  dk O;ki d  l ehdj .k gSA

m n k g j . km n k g j . km n k g j . km n k g j . k 35.2.  , d  (5, 5, –4) ls gksdj  tku s o ky s r Fkk 2, 3, –1 f n d~ vu qi kr  o ky h j s[kkvksa
ds y E c o r ~ ler y  dk lf n ' k lehdj .k Kkr  dhf t , A

g yg yg yg y : ;gk¡  i j a
r

 = $ $5 5 4i j k$+ −

r Fkk n
r

 = $ $2 3i j k+ −$

∴ ler y  dk lehdj .k gS $ $( ) $ $(5 5 4 ) . (2 3 )r i j k i j k
r

$ $− + − + −  = 0

35-6 rhu vlajs[k fcUnqvksa ls gksdj tkus okys lery dk lehdj.k
(a) l f n ' k  : i %l f n ' k  : i %l f n ' k  : i %l f n ' k  : i %

eku  y hf t ,  f c Un qvksa Q, R r Fkk S ds f L Fkf r  lf n ' k Ø e' k%  ,a b
r r

 r Fkk c
r

 gSaA  b lds vf r f j Dr
ler y  i j  f dl h L o sP N f c Un q P d k f L Fkf r  lf n ' k r

r
 gSA

lf n ' k ,QR b a QS c a QP r a= − = − = −
uuur r r uuur r r uuur r r

r F k k  , d  gh r y  esa f L Fkr  gSa vkSj  QR QS×
uuur uuur

 , d  , slk

lf n ' k gS tks QR
uuur

 r Fkk QS
uuur

 n ksu ksa i j  y E c  gSA  b lf y ,  QR QS×
uuur uuur

, QP
uuur

 i j  Hkh y E c  gSA

∴ . ( )QP QR QS×
uuur uuur uuur

= 0

{ }( ). ( ) ( )r a b a c a− − × −
r r r r r r

= 0     ...(5)

;g ler y  dk lf n ' k lehd j .k gSA

(b) d k r h Z ;  : i %d k r h Z ;  : i %d k r h Z ;  : i %d k r h Z ;  : i %
eku  y hf t ,  f c Un q P, Q, R r Fkk S ds f u n sZ' kkad  Ø e' k%  (x, y, z), (x

1
, y

1
, z

1
), (x

2
, y

2
,

z
2
) r Fkk (x

3
, y

3
, z

3
) gSaA

fp=k 35.4

P(  )r

Q(  )a

R(  )b
S(  )c
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∴ $ $
1 1 1( ) ( ) ( )QP r a x x i y y j z z k= − = − + − + −

uuur r r
$

$ $
2 1 2 1 2 1( ) ( ) ( )QR b a x x i y y j z z k= − = − + − + −

uuur r r
$

$ $
3 1 3 1 3 1( ) ( ) ( )QS c a x x i y y j z z k= − = − + − + −

uuur r r
$

b u ds eku  l ehdj .k ¼ 5 ½  esa i zf r L Fkkf i r  dj u s i j

    

1 1 1

2 1 2 1 2 1

3 1 3 1 3 1

x x y y z z

x x y y z z

x x y y z z

− − −

− − −

− − −
 = 0                                         ...(6)

;g ler y  dk dkr hZ; : i  esa lehdj .k gSA

m n k g j . km n k g j . km n k g j . km n k g j . k 35.3.  f c Un qvksa Q(2, 5, –3), R(–2, –3, 5) r Fkk S(5, 3, –3) ls gksdj  tku s o ky s ler y
dk lf n ' k lehd j .k Kkr  dhf t , A

g yg yg yg y : eku  y hf t , ] ,a b
r r

 r Fkk c
r

 Ø e' k%  Q, R r Fkk S ds f L Fkf r  lf n ' k gSa vkSj  r
r

 ler y  i j
f dlh L o sP N f c Un q dk f L Fkf r  lf n ' k gSA

ler y  dk l f n ' k lehdj .k { }{ }. ( ) ( )r a b a c a
r r r r r r

− − × −  = 0

; g k ¡ a
r

 = $ $2 5 3i j k+ −$

b
r

 = $ $2 3 5i j k− − +$

c
r

 = $ $5 3 3i j k+ −$

b a−
r r

 =
$ $4 8 8i j k− − +$

c a−
r r

 =
$3 2i j−$

b lf y ,  $ $ $ $ ${ (2 5 3 )}.{( 4 8 8 ) (3 2 )}r i j k i j k i j− + − − − + × −
r

$ $ $  = 0

ler y  dk vHkh"V  lehdj .k gSA

35.7 lery ds lehdj.k dk vUr%[k.M Lo:i
eku yhft, fd lery ds x, y vkSj z v{kksa ij dkVs x, vUr%[k.Mksa dh yEckb;k¡ Øe'k% a, b vkSj
c gSaA

nwljs 'kCnksa esa] lery fcUnqvksa (a,0,0), (0,b,0) vkSj (0,0,c) ls gksdj tkrk gSA

vr% 1x a= 1y 0= 1z 0=

2x 0= 2y b= 2z 0=

3x 0= 3y 0= 3z c=

lehdj.k (6) esa j[kus ij] lery dk lehdj.k gS%

x a y z

a b 0 0

a 0 c

−

− =

−
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;k bcx acy abz abc 0+ + − =  (ljy djus ij)

;k
x y z

1
a b z

+ + = .....(7)

lehdj.k (7) lery ds lehdj.k dk vUr%[k.M Lo:i dgykrk gSA

mnkgj.k 35.4.  fcUnqvksa (0, 2, 3), (2, 0, 3) vkSj (2, 3, 0) ls gksdj tkus okys lery dk lehdj.k
Kkr dhft,A

gy % (6) dk iz;ksx djrs gq,] lery dk lehdj.k gS%

x 0 y 2 z 3

2 0 0 2 3 3 0

2 0 3 2 0 3

− − −

− − − =

− − −

;k     

x y 2 z 3

2 2 0 0

2 1 3

− −

− =

−

;k ( ) ( ) ( ) ( ) ( )x 6 0 y 2 6 z 3 2 4 0− − − − + − + =

;k ( ) ( )6x 6 y 2 6 z 3 0+ − + − =

;k x y 2 z 3 0+ − + − = ;k x y z 5+ + =

mnkgj.k 35.5.  fn[kkb;s fd fcUnqvksa (2, 2, 0), (2, 0, 2) vkSj (4, 3, 1) ls gksdj tkus okys lery dk

lehdj.k x = y + z gSA

gy % fcUnq (2, 2, 0) ls gksdj tkus okys lery dk lehdj.k gS%

( ) ( )a x 2 b y 2 cz 0− + − + = .....(i)

fcUnq (2,0,2) esa ls gksdj tkrk gS

∴ ( ) ( )a 2 2 b 0 2 2c 0− + − + =

;k c = b .....(ii)

iqu% (i) fcUnq (4,3,1) ls gksdj tkrk gSA

∴ ( ) ( )a 4 2 b 3 2 c 0− + − + =

;k   2a b c 0+ + = ....(iii)

(ii) vkSj (iii) ls] gesa izkIr gksrk gS %

       2a 2b 0+ =    ;k  a b= −

∴ (i) gks tkrk gS %   ( ) ( )b x 2 b y 2 bz 0− − + − + =

;k           ( )x 2 y 2 z 0− − + − + =

;k       y z x 0+ − =

;k        x y z= +

tks fd lery dk vHkh"V lehdj.k gSA
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mnkgj.k 35.6.  lery ds lehdj.k 4x 5y 6z 60 0− + − =  dks vUr%[k.M Lo:i esa O;Dr
dhft,A blds funsZ'kkad v{kksa ij vUr%[k.M Kkr dhft,A

gy % lery dk lehdj.k gS%
4x 5y 6z 60 0− + − = ;k 4x 5y 6z 60− + = ....(i)

(i) dks iqu% fy[kis ij 
4x 5y 6z

1
60 60 60

− + =    ;k ( )
x y z

1
15 12 10

+ + =
−

tks fd lery dk vUr%[k.M Lo:i esa vHkh"V lehdj.k gSA lkFk gh funsZ'kkad v{kksa x, y vkSj z ij
Øe'k% vUr% [k.M 15, 12−  vkSj 10 gSA

mnkgj.k 35.7.  fuEu esa ls izR;sd lery ds lehdj.k dks vfHkyEc Lo:i esa cnfy;s %

(i) 2x 3y 4z 5 0− + − =    (ii)   2x 6y 3z 5 0+ − + =

nksuksa voLFkkvksa esa] ewyfcUnq ls leryksa ij yEc dh yEckb;k¡ Hkh Kkr dhft;sA

gy % (i) lery dh lehdj.k gS% 2x 3y 4z 5 0− + − =                                 .......(A)

(A) dks ( )2 2 22 3 4+ − +  ;k  29  ls Hkkx nsus ij

2x 3y 4z 5
0

29 29 29 29
− + − =

;k   
2x 3y 4z 5

29 29 29 29
− + =

tks fd lery dk vfHkyEc Lo:i esa lehdj.k gSA

 ∴ewyfcUnq ls Mkys x, yEc dh yEckbZ 
5

29
 gSA

(ii) lery dk lehdj.k gS% 2x 6y 3z 5 0+ − + =  .....(B)

(B)  dks ( )22 22 6 3+ + −  ;k 7−  ls Hkkx nsus ij]

2x 6y 3z 5
0

7 7 7 7
− − + − =   ;k   

2x 6y 3z 5

7 7 7 7
− − + =

tks fd lery dk vfHkyEc Lo:i esa lehdj.k gSA

ewyfcUnq ls lery ij [khaps x;s yEc dh yEckbZ  
5

7
gSA

mnkgj.k 35.8.  ewyfcUnq ls fdlh lery ij [khaps x;s yEc ds ikn ds funsZ'kkad (4]&2]&5)

gSA ml lery dk lehdj.k Kkr dhft;sA

gy % ekuk ewyfcUnq O ls lery ij [khaps x;s yEc dk ikn fcUnq P gSA

rc P ds funsZ'kkad (4,–2,–5) gSaA

fcUnq P (4,–2,–5) ls gksdj tkus okys lery dk lehdj.k gS %
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( ) ( ) ( )a x 4 b y 2 c z 5 0− + + + + = .....(i)

vc OP lery ij yEc gS rFkk OP dh fnDdksT;k,¡

fuEu ds lekuqikrh gS %
4 0, 2 0, 5 0− − − − −

;k 4, 2, 5− −

(i) esa]  a, b, c ds LFkku ij 4,–2,–5 j[kus ij gesa izkIr gksrk gS %

( ) ( ) ( )4 x 4 2 y 2 5 z 5 0− − + − + =

;k            4x 16 2y 4 5z 25 0− − − − − =

;k           4x 2y 5z 45− − =

tks fd lery dk vHkh"V lehdj.k gSA

  ns[ksa vkius fdruk lh[kk 35.1

1. lery ds fuEu lehdj.kksa dks vfHkyEc Lo:i esa cnfy;s%

(i) 4x 12y 6z 28 0+ − − = (ii) 3y 4z 3 0+ + =

2. ewyfcUnq ls ,d lery ij [khaps x, yEc dk ikn fcUnq  (1, 3,1)−  gSA ml lery dk
lehdj.k Kkr dhft,A

3. ewyfcUnq ls lery ij [khps x, yEc ds ikn ds funsZ'kkad (1, 2,1).−  gSaA ml lery dk
lehdj.k Kkr dhft,A

4. fuEu fcUnqvksa ls gksdj tkus okys leryksa ds lehdj.k Kkr dhft, %

(a) ( )2, 2, 1− , ( )3, 4, 2  vkSj ( )7, 0, 6

(b) ( )2, 3, 3− , ( )1, 1, 2−  vkSj ( )1, 1, 4−

(c) ( )2, 2, 2 , ( )3, 1, 1  vkSj ( )6, 4, 6− −

5. fn[kkb;s fd fcUnqvksa (3, 3,1) , ( 3, 2 1)− −  vkSj (8, 6, 3)  ls gksdj tkus okys lery dk

lehdj.k  4x 2y 13z 5+ − =  gSA

6- ,d ,sls lery dk lehdj.k Kkr dhft,] ftlds funsZ'kkad v{kksa ij dkVs x, vUr%[k.M
Øe'k% 2] 3 rFkk 4 gSaA

7. lery 2x 3y 4z 24+ + =  }kjk funsZ'kkad v{kksa ij dkVs x, vUr%[k.M Kkr dhft,A

8. fn[kkb;s fd fcUnq ( ) ( ) ( )1, 4, 3 , 3, 2, 5 , 3, 8, 5− − − − −  rFkk ( )3, 2,1−  leryh; gSaA
9. (i) ler y x – 4y + 3z = 7 ds vf Hky ac  ds f n d~&dkslkb u  D;k gSa\

(ii) ler y  2x + 3y – z = 17 dh ewy  f c Un q ls n wj h D;k gS\

(iii) ler y  $ $.( 3 ) 7r i j k− + =
r
$  r Fkk $ $.(3 12 5 )r i j k− −

r
$  = 6, i j L i j  - - - - - - - - - - - - - -  gSaA

fp=k 35.5

P  (4, –2, –5)

O
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10. ler y  ds l ehdj .k $ $.(2 3 4 ) 1r i j k+ − =
r

$  dks dkr hZ; : i  esa i f j o f r Zr  dhf t , A

11. f c Un qvksa (1, 1, 0), (1, 2, 1) r Fkk (–2, 2, –1) ls gksdj  tku s o ky s l er y  dk lf n ' k
lehdj .k Kkr  dhf t , A

12. f c Un q (1, 4, 6) ls gksdj  tku s o ky s r Fkk lf n ' k $ $2i j k− +$  ds vf Hky ac  ler y  dk lf n ' k

lehdj .k Kkr  dhf t , A

35.8 nks leryksa ds chp dk dks.k

ekuk nks lery 1p  vkSj 2p  ds lehdj.k gSa%

1 1 1 1a x b y c z d 0+ + + = ....(i)

vkSj 2 2 2 2a x b y c z d 0+ + + = ....(ii)

ekuk nksuksa lery js[kk l esa izfrPNsn djrs gSaA ekuk nksuksa leryksa ds chp dk dks.k θ  gSA

∴ nksuksa leryksa ds vfHkyEcksa dh fnDdksT;k,¡ gSa %

1

2 2 2
1 1 1

a

a b c

±
+ +

,   
1

2 2 2
1 1 1

b

a b c

±
+ +

,   
1

2 2 2
1 1 1

c

a b c

±
+ +

vkSj 2

2 2 2
2 2 2

a

a b c

±
+ +

, 2

2 2 2
2 2 2

b

a b c

±
+ +

, 2

2 2 2
2 2 2

c

a b c

±
+ +

∴ 1 2 1 2 1 2

2 2 2 2 2 2
1 1 1 2 2 2

a a b b c c
cos

a b c a b c

+ +
θ = ±

+ + + +

fpUg + ;k & dk bl rjg pquko djuk gS fd cos θ  /ukRed gksA

miizes; 1 : tc nks lery ijLij yEc gksa] rks

90θ = ° , vFkkZr~ cos 0θ =

nks leryksa 1 1 1 1a x b y c z d 0+ + + = vkSj 2 2 2 2a x b y c z d 0+ + + =  dk ,d nwljs ij yEc

gksus ds fy, izfrcU/ gS fd 1 2 1 2 1 2a a b b c c 0+ + = gksA

miizes; 2 : ;fn nks lery lekUrj gksa] rks bu leryksa ds vfHkyEc Hkh lekUrj gksxsaA

∴
1 1 1

2 2 2

a b c

a b c
= =

nks lery 1 1 1 1a x b y c z d 0+ + + =  rFkk 2 2 2 2a x b y c z d 0+ + + = ijLij lekUrj gksa] ds

fy, izfrcU/ gS fd 
1 1 1

2 2 2

a b c

a b c
= =  gksA blls ;g vFkZ fudyrk gS fd nks lekUrj leryksa ds

lehdj.kksa dsoy ,d vpj jkf'k gh gksrk gSA

∴ lery ax + by + cz + d = 0 ds lekUrj lery dk lehdj.k ax + by + cz + k = 0 gS] tcfd
k ,d vpj jkf'k gSA
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mnkgj.k 35.9.    fuEu leryksa ds chp dk dks.k Kkr dhft;s %

3x 2y 6z 7 0+ − + = ......(i)

vkSj 2x 3y 2z 5 0+ + − =             ......(ii)

gy % ;gk¡ ij] 1 1 1a 3, b 2, c 6= = = −

vkSj      2 2 2a 2, b 3, c 2= = =

;fn leryksa (i) vkSj (ii) ds chp dk dks.k θ  gS] rks

( )

( )22 2 2 2 2

3.2 2.3 6 .2
cos 0

3 2 6 2 3 2

+ + −
θ = =

+ + − + +

90∴ θ = °

bl izdkj] lery (i) vkSj (ii) ,d nwljs ij yEc gSaA

mnkgj.k 35.10   lery x 3y 4z 1 0− + − =  ds lekUrj ,d lery dk lehdj.k Kkr

dhft;s] ;fn og fcUnq (3, 1, –2) ls gksdj tkrk gksA

gy % ekuk lery x 3y 4z 1 0− + − =  ds lekUrj lery dk lehdj.k gS %

x 3y 4z k 0− + + = ..... (i)

pw¡fd (i) fcUnq ( )3,1, 2− ls gksdj tkrk gS blfy,

∴ ( ) ( )3 3 1 4 2 k 0− + − + =
;k 3 3 8 k 0− − + =  ;k k 8=

 ∴ lery dk vHkh"V lehdj.k x 3y 4z 8 0− + + = gSA

mnkgj.k 35.11.    fcUnqvksa (–1, 2, 3) vkSj (2, –3, 4) ls gksdj tkus okys ml lery dk lehdj.k

Kkr dhft;s] tks lery 3x y z 5 0+ − + =  ij yEc gSA

gy % fcUnq (–1, 2, 3) ls gksdj tkus okys fdlh lery dk lehdj.k gS

 ( ) ( ) ( )a x 1 b y 2 c z 3 0+ + − + − =  .....(i)

fcUnq  (2,–3, 4) lery (i) esa fLFkr gSA

∴ 3a 5b c 0− + = ....(ii)

iqu%] lery (i) lery  3x y z 5 0+ − + =  ij yEc gSA

∴   3a b c 0+ − =     ....(iii)

(ii) vkSj (iii) ls otzxq.ku fof/ }kjk]
a b c

4 6 18
= = ;k

a b c

2 3 9
= =

vr% lery dk vHkh"V lehdj.k gS %
  2(x 1) 3(y 2) 9(z 3) 0+ + − + − = ....[(i) ls]

;k      2x 3y 9z 31+ + =



xf.kr 447

lery

ekWM~;wy - IX

lfn'k ,oa
f=kfoeh;
T;kfefr

fVIi.kh

mnkgj.k 35.12.  fcUnq (2,–1,5) ls gksj tkus okys ml lery dk lehdj.k Kkr dhft;s] tks

leryksa x + 2y – z = 1 rFkk 3x – 4y + z = 5 esa ls izR;sd ij yEc gks %

gy % fcUnq (2]&1]5) ls gksdj tkus okys lery dk lehdj.k gS

( ) ( ) ( )a x 2 b y 1 c z 5 0− + + + − =   .....(i)

;g lery] leryksa   x 2y z 1+ − = rFkk 3x 4y z 5− + =  ij yEc gSA

∴   a.1 b.2 c.( 1) 0+ + − =

rFkk a.3 b.( 4) c.(1) 0+ − + =

;k     a 2b c 0+ − =     .........(ii)

  3a 4b c 0− + =      ........(iii)

(ii) vkSj (iii) ls] gesa izkIr gksrk gS %
a b c

2 4 3 1 4 6
= =

− − − − −

;k    
a b c

2 4 10
= =

− − −

;k     
a b c

1 2 5
= = = λ  (ekuk)

∴ a , b 2= λ = λ   vkSj c 5= λ

a, b rFkk c ds eku (i) esa j[kus ij] gesa izkIr gksrk gS %

( ) ( ) ( )x 2 2 y 1 5 z 5 0λ − + λ + + λ − =

;k        x 2 2y 2 5z 25 0− + + + − =

;k          x 2y 5z 25 0+ + − =

tks fd lery dk vHkh"V lehdj.k gSA

  ns[ksa vkius fdruk lh[kk 35.2

1. leryksa ds chp dk dks.k Kkr dhft;s %

(i) 2x y z 6− + =  vkSj  x y 2z 3+ + =

(ii) 3x 2y z 17 0− + + = vkSj 4x 3y 6z 25 0+ − + =

2. fl¼ dhft;s fd fuEu lery ,d nwljs ij yEc gSa %

(i) x 2y 2z 0+ + =  vkSj 2x y 2z 0+ − =

(ii) 3x 4y 5z 9+ − =  vkSj 2x 6y 6z 7+ + =

3. fcUnq (2, 3, –1) ls gksdj tkus okys rFkk lery 2x 3y 6z 7 0+ + + =  ds lekUrj lery dk
lehdj.k Kkr dhft;sA



448

lery

xf.kr

ekWM~;wy - IX

lfn'k ,oa
f=kfoeh;
T;kfefr

fVIi.kh

4. fcUnqvksa (–1,1,1) vkSj (1,–1,1) ls gksdj tkus okys ml lery dk lehdj.k Kkr dhft;s] tks
lery x 2y 2z 5+ + =  ij yEc gSA

5. ewyfcUnq ls gksdj tkus okys ml lery dk lehdj.k Kkr dhft;s] tks fuEu esa izR;sd
lery ij yEc gS% x 2y 2z 0+ + =  vkSj 2x y 2z 0+ + =

35.9 ,d lery ls ,d fcUnq dh nwjh
ekuk lery dk vfHkyEc Lo:i esa lehdj.k gS%

x cos y cos z cos pα + β + γ = ] tcfd   p > 0     .......(i)

voLFkk I : ekuk fcUnq P (x', y', z') lery ds ml vksj fLFkr gS ftl vksj ewyfcUnq gSA

lery (i) ds lekUrj fcUnq P ls gksdj tkus okyk] lery [khafp;sA

bldk lehdj.k gS%
x cos y cos z cos p 'α + β + γ =       .....(ii)

tcfd p', ewyfcUnq ls lery (ii) ij [khaps x, yEc dh yEckbZ gSA

P dh lery (i) ls ykfEcd nwjh = p–p'

D;ksafd lery (ii) fcUnq (x',y',z') ls gksdj tkrk gS] blfy,
x ' cos y ' cos z ' cos p 'α + β + γ =

∴  P dh fn;s x;s lery ls nwjh

( )p p ' p x ' cos y ' cos z ' cos− = − α + β + γ

voLFkk II : ;fn fcUnq P lery ds ml vksj fLFkr u gks ftl vksj ewy fcUnq gS (vFkkZr~ P vkSj
ewyfcUnq lery dh foijhr fn'kkvksa esa gSa)] rks

P dh lery (i) ls nwjh
= p ' p x ' cos y ' cos z ' cos p− = α + β + γ −

fVIi.kh% ;fn lery dk lehdj.k ax by cz d 0,+ + + = fn;k x;k gks] rks igys ge bls
vfHkyEc Lo:i esa cny ysrs gSa vkSj fiQj mQij fn;k x;k lw=k iz;ksx djrs gSaA

mnkgj.k 35.13. fcUnq (1,2,3) dh lery 3x 2y 5z 17 0− + + =  ls nwjh Kkr dhft;sA

gy % vHkh"V nwjh = 2 2 2

3.1 2.2 5.3 17 31

383 ( 2) 5

− + +
=

+ − +  bdkbZ

mnkgj.k 35.14.  leryksa

   x 2y 3z 6 0− + − =

rFkk 2x 4y 6z 17 0− + + =

ds chp dh nwjh Kkr dhft;sA

gy % leryksa ds lehdj.k gSa %
   x 2y 3z 6 0− + − = ....(i)

2x 4y 6z 17 0− + + = ....(ii)



xf.kr 449

lery

ekWM~;wy - IX

lfn'k ,oa
f=kfoeh;
T;kfefr

fVIi.kh

;gk¡]
( )
( )

21 3

2 4 6

−
= =

−

∴lery (i) rFkk (ii) lekarj gSaA

lery (i) ij dksbZ fcUnq gS% (6,0,0)

∴lery (i) rFkk (ii) ds chp dh nwjh

= fcUnq (6]0]0) ls lery (ii) dh nwjh

( ) ( )2 2 2

2 6 4.0 6.0 17

2 4 6

× − + +
=

+ − +

29

56
=  bdkbZ

29

2 14
= bdkbZ

  ns[ksa vkius fdruk lh[kk 35.3

1. fn;s x;s fcUnq ls lery dh nwjh Kkr dhft, %

(i) ( )2, 3,1− , 5x 2y 3z 11 0− + + =

(ii) ( )3, 4, 5− , 2x 3y 3z 27 0− + + =

2. leryksa 3x y z 7 0+ − − =  rFkk 6x 2y 2z 11 0+ − + =  ds chp dh nwjh Kkr
dhft;sA

• lery ,d ,slk i`"B gS fd ;fn blesa fLFkr dksbZ nks fcUnq fy;s tk,¡] rks budks feykus okyh
iwjh js[kk blesa fLFkr gksrh gSA

• ˆr.n d=
r

 lery dk lfn'k lehdj.k gS tgk¡ n̂  lery ds vfHkyac ek=kd lfn'k gS vkSj

d  lery dh ewy fcUnq ls nwjh gSA

• bldk laxr dkrhZ; :i lx my nz d+ + =  gS] tgk¡ l, m, n  lery ds vfHkyac lfn'k
ds fnd~&dkslkbu gSa vkSj d  lery dh ewy fcUnq ls nwjh gSA

• (r a).n 0− =
r r r  lery dk ,d vU; lfn'k lehdj.k gS tgk¡ a

r
 lery ij fn, gq, fcUnq

dk fLFkfr lfn'k gS vkSj n
r
 lery dk vfHkyac lfn'k gSA

• bldk laxr dkrhZ; :i 1 1 1a(x x ) b(y y ) c(z z ) 0− + − + − =  gSa_ tgk¡ a, b, c

lery ds vfHkyac lfn'k ds fnd~&vuqikr gSa vkSj 1 1 1(x , y , z ) lery ij fn, gq, fcUnq
ds funsZ'kkad gSaA

• (r a).{(b a) (c a)} 0− − × − =
rr r r r r  ,d ,sls lery dk lehdj.k gS tks rhu fcUnqvksa ls

gksdj tkrk gS vkSj mu rhu fcUnqvksa ds fLFkfr lfn'k Øe'k% a, b
rr
 rFkk c

r
 gSaA

C

A1

% + vkb;s nksgjk,¡
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• bldk laxr dkrhZ; lehdj.k 
1 1 1

2 1 2 1 2 1

3 1 3 1 3 1

x x y y z z

x x y y z z 0

x x y y z z

− − −

− − − =

− − −

 gSA

• lery dk O;kid lehdj.k gS % ax + by + cz + d = 0

• lery ds lehdj.k dk vUr%[k.M Lo:i gS% 
x y z

1
a b c

+ + =

tcfd a, b vkSj c lery }kjk Øe'k% x,y vkSj z v{kksa ij vUr%[k.M gSaA

• nks leryksa 1 1 1 1a x b y c z d 0+ + + = vkSj 2 2 2 2a x b y c z d 0+ + + =  ds chp dk

dks.k θ  fuEu lEcU/ ls Kkr gksrk gS%

1 2 1 2 1 2

2 2 2 2 2 2
1 1 1 2 2 2

a a b b c c
cos

a b c a b c

+ +
θ = ±

+ + + +

• nks lery ,d nwljs ij yEc gSa] ;fn vkSj dsoy ;fn

1 2 1 2 1 2a a b b c c 0+ + =

• nks lery ijLij lekUrj gSa] ;fn vkSj dsoy ;fn 
1 1 1

2 2 2

a b c

a b c
= =  gksA

• lery x cos y cos z cosα + β + ν  ls ,d fcUnq x ', y ', z '  dh nwjh

( )p x ' cos y ' cos z ' cos− α + β + γ  gS] tcfd fcUnq ( )x ', y ', z '  lery ls ewyfcUnq

dh vksj gh fLFkr gksA

• http://www.mathopenref.com/plane.html

• http://en.wikipedia.org/wiki/Plane_(geometry)

• https://www.youtube.com/watch?v=jNZPcX4lK-8

1- fcUnq (–2, 5, 4) ls gksdj tkus okys lery dk lehdj.k Kkr dhft;sA
2- ml lery dk lehdj.k Kkr dhft;s tks fcUnqvksa (2] 1] 4) vkSj (2] 6] 4) dks feykus

okys js[kk[k.M dks 2 % 3 ds vkUrfjd vuqikr esa foHkkftr djrk gSA
3- fcUnqvksa (1]1]0)](1]2]1) vkSj (&2]2]&1) ls gksdj tkus okys lery dk lehdj.k Kkr

dhft;sA
4- fn[kkb;s fd pkj fcUnq (0, –1, –1), (4, 5, 1), (3, 9, 4) vkSj (–4, 4, 4) leryh; gSaA ml lery

dk lehdj.k Hkh Kkr dhft;s] ftlesa ;s fcUnq fLFkr gSA

lgk;d osclkbV

vkb, vH;kl djsa
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5- fcUnq (1, –2, –3) ls ,d lery ij [khaps x, yEc dk ikn fcUnq (3, 2, –1) gSA ml lery
dk lehdj.k Kkr dhft,A

6- leryksa x + y + 2z = 9 vkSj 2x – y + z = 15 ds chp dk dks.k Kkr dhft;sA
7- fl¼ dhft;s fd lery 3x – 5y + 8z – 2 = 0 vkSj 12x – 20y + 32 z + 9 = 0 lekUrj gSaA
8- k dk og eku Kkr dhft;s ftlds fy, lery 3x – 2y + kz – 1 = 0 vkSj x + ky + 5z + 2

= 0 ,d nwljs ij yEc gksaA
9- fcUnq (3, 2, –5) dh lery 2x – 3y – 5z = 7 ls nwjh Kkr dhft,A
10- fcUnq (3, –1, 5) ls gksdj tkus okys rFkk (2, –3, 1) fnd~&vuqikrksa okyh js[kk ds yEc lery

dk lfn'k lehdj.k Kkr dhft,A
11- ,d ,sls lery dk lfn'k lehdj.k Kkr dhft, tks ewy fcUnq ls 7 bdkbZ dh nwjh ij gS

rFkk lfn'k ˆˆ ˆ3 5 6+ −i j k  ds lkFk yEcor~ gSA

12- fcUnqvksa A(–2, 6, –6), B(–3, 10, –9) rFkk C(–5, 0, –6) ls gksdj tkus okys lery dk lfn'k
lehdj.k Kkr dhft,A

ns[ksa vkius fdruk lh[kk 35.1

1. (i) 
4x 12y 6z

2
14 14 14

+ − = (ii) 
3 4 3

y z
5 5 5

− − =

2. x 3y z 11 0− + − = 3. x 2y z 6 0− + − =

4. (a) 5x 2y 3z 17 0+ − − = (b) 3x y z 0− + =

(c) x 2y z 4+ − =

6.
x y z

1
2 3 4

+ + =

7. x, y vkSj z funsZ'kkad v{kksa ij vUr% [k.M Øe'k% 12]8 vkSj 6 gSaA

9. (i)
1 4 3

, ,
26 26 26

−
(ii)

17

14
b dkb Z (iii) yEc

10. 2 3 4 1x y z+ − = 11. $ $.(2 3 3 ) 5r i j k+ − =
r

$

12. $ $.( 2 ) 1 0r i j k− + + =
r
$

ns[ksa vkius fdruk lh[kk 35.2

1. (i) 
3

π
(ii) 

2

π

3. 2x 3y 6z 7+ + =

mÙkjekyk
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4. 2x 2y 3z 3 0+ − + =

5. 2x 2y z 0− + =

ns[ksa vkius fdruk lh[kk 35.3

1. (i) 
30

38
 bdkbZ (ii) 

6

22
bdkbZ

2.
25

2 11
 bdkbZ

vkb, vH;kl djsa

1. ( ) ( ) ( )a x 2 b y 5 c z 4 0+ + − + − =

2. ( ) ( ) ( )a x 2 b y 3 c z 4 0− + − + − =

3. 2x 3y 3z 5 0+ − − =

4. 5x 7y 11z 4 0− + + = 5. x 2y z 6+ + =

6.
3

π
8. k 1= − 9. 

18

38

10. { }ˆ ˆ ˆ ˆ ˆ ˆr ( 3i j 5k . (2i 3j k) 0− − + + − + =
r

11.

ˆ ˆ ˆ3i 5j 6k
r. 7

70

 + −
= 

 

r

12. { } { }ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆr ( 2i 6 j 6k . ( i 4 j 3k) ( 3i 6 j 0− − + − − + − × − − =
r


