
xf.kr 165

vodyu

ekWM~;wy - VIII

dyu

fVIi.kh

26

vodyu

vody xf.kr (Differential Calculus) dk mnxe laHkor% 1665 vFkok 1666 bZ- esa gqvk Fkk tc
vkblkd U;wVu (Issac Newton) us lcls igys ml izfØ;k dh fopkjksRifÙk (Conceived) dh ftls
ge vktdy vodyu (,d xf.krh; izfØ;k ds }kjk feyus okyk ifj.kke) dgrs gSaA U;wVu rFkk
yscfut+ ds vkfo"dkjksa esa] nwljs vusd ifj.kkeksa ds lkFk&lkFk] la;qDr iQyuksa ds ;ksx] xq.ku rFkk
foHkktu ds vodyu djus ds fu;e gSaA

bl ikB esa ge ,d iQyu ds vodyt dks ifjHkkf"kr djsaxs] mldh T;kferh; rFkk HkkSfrd O;k[;k
djsaxsa] vodytksa ds fofHkUu fu;eksa dh ppkZ djsxsa rFkk iQyuksa ds f}rh; dksfV ds vodytksa dh
vo/kj.kk dks Hkh vkjEHk djsaxsA

 mís';
bl ikB ds vè;;u ds ckn vki fuEufyf[kr esa leFkZ gks tk;saxs %

� fdlh iQyu ( )f x  ds vodyt dks x a=  ij ifjHkkf"kr djuk rFkk mldh T;kferh; O;k[;k
Hkh djukA

� fl¼ djuk fd fdlh fLFkj iQyu dk vodyu 'kwU; gksrk gSA

� ( ) nf x x=  dk vodyt izFke fl¼kUr ls Kkr djuk] tcfd n Q∈  rFkk mldk iz;ksx vU;
iQyuksa ds vodyt Kkr djus esa djukA

� nks iQyuksa ds xq.ku rFkk Hkkx }kjk izkIr iQyu ds vodyt Kkr djus ds fu;eksa dks crk dj
mudk iz;ksx djukA

� Ja[kyk fu;e dks crkdj mldk vodyt Kkr djus esa iz;ksx djukA

� chth; iQyuksa (ifjes; iQyuksa lfgr) dk vodyt Kkr djuk] rFkk

• ,d iQyu dk f}rh; dksfV dk vodyt (second order derivative ) Kkr djukA

iwoZ Kku
� cgqin izes;
� iQyu rFkk muds vkys[k
� ,d iQyu dh lhek dh ifjdYiuk
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26.1 fdlh iQyu dk vodyt

iQyu 2y x=  ij fopkj dhft, rFkk eku yhft, fd bl ds vkys[k ij ,d fcUnq (5,25)  gSA ;fn
x   dk eku 5 ls  5.1, 5.01, 5.001..vkfn cnyrk gS rks y, 25 ls 26.01,25.1001, 25.010001... gks tkrk
gSA x esa gksus okyk ,d NksVk lk ifjorZu y ds eku esa Hkh FkksM+k lk ifjorZu dj nsrk gSA ge x esa
ifjorZu dks xδ  ls rFkk mlds laxr y ds ifjorZu dks yδ  }kjk O;Dr djrs gSaA ;g ekudj fd ;g

o`f¼ /ukRed vFkok ½.kkRed gS bu ifjorZuksa dk vuqikr 
y

x

δ

δ
 dks o`f¼ vuqikr dgrs gSaA ;gk¡

2y x=  ds (5,25) ij] rFkk o`f¼ x 0.1δ = ,0.01,0.001, 0.0001,...... rFkk y 1.01δ = ,.1001,

.010001, .00100001 vkfn ysus ij gesa uhps nh xbZ rkfydk izkIr gksrh gS %
x 5.1 5.01 5.001 5.0001

  xδ   .1      .01         .001     .0001

       y     26.01          25.1001               25.010001 25.00100001

       yδ     1.01              .1001                    .010001              .00100001

            
y

x

δ

δ
         10.1                     10.01                           10.001                     10.0001

mijksDr rkfydk ls ge fuEufyf[kr fujh{k.k djrs gSa %
(i) tc xδ  cnyrk gS] rks yδ cnyrk gS
(ii) tc y 0δ → rks] x 0δ → .

(iii) vuqikr 
y

x

δ

δ
la[;k 10 dh vksj vxzlj gksrk gSA

bl izdkj bl mnkgj.k ls irk pyrk gS fd y 0δ → tc x 0δ → ysfdu 
y

x

δ

δ
 ,d lhfer la[;k

cu tkrk gS ;g vko';d ugha fd og 'kwU; gksA lhek 
x 0

y
lim

xδ →

δ

δ
dks laxrrk esa 

dy

dx
}kjk fu#fir djrs

gSaA 
dy

dx
dks y dk x ds lkis{k vodyt (derivative) dgrs gSa rFkk mls x ds lkis{k y  dk vody

xq.kkad (differential co-efficient) i<+k tkrk gSA

nwljs 'kCnksa esa ge dg ldrs gSsa fd 
x 0

y dy
lim 10

x dxδ →

δ
= =

δ
(mijksDr mnkgj.k esa) gSA ;kn jf[k, fd

tcfd xδ rFkk yδ cgqr NksVh&NksVh la[;k,¡ (òf¼) gaS] rks Hkh vuqikr 
y

x

δ

δ
 ,d fuf'pr la[;k 10 gSA

O;kid :i ls eku yhft, fd

y f (x)= .....(i)

 ,d iQyu gSA bldk vodyt Kkr djus ds fy, eku yhft, fd x ds eku esa xδ  ,d NksVk
lk ifjorZu gS] rc x dk eku x x+ δ  gks tk;sxk] tgk¡ f (x) ifjHkkf"kr gSA blh izdkj y ds eku esa
Hkh laxr ifjorZu yδ  gS vkSj rc y dk eku y + yδ  gks tk;sxkA

bl izdkj y y f (x x)+ δ = + δ ...(ii)
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∴     (y y) y f (x x) f (x)+ δ − = + δ −

     y f (x x) f (x)δ = + δ − ...(iii)

ifjorZu dh nj Kkr djus ds fy, ge (iii) dks xδ ls Hkkx djrs gSaA

∴      
y f (x x) f (x)

x x

δ + δ −
=

δ δ
...(iv)

vUr esa ge vuqikr 
y

x

δ

δ
 dk lhekar eku ysrs gSa tc x 0δ → .

;fn       
x 0 x 0

y f (x x) f (x)
lim lim

x xδ → δ →

δ + δ −
=

δ δ
...(v)

,d lhfer la[;k gS rks ( )f x ,d vodyuh; iQyu dgykrk gS rFkk lhekar eku dks ( )f x  dk
x ds lkis{k vodyt dgk tkrk gS rFkk bls ladsr ( )f ' x  }kjk fy[kk tkrk gSA

nwljs 'kCnksa esa 
d

f (x)
dx

 vFkok 
dy

dx
(ftls y dk 

d

dx
) i<+k tkrk gSA

vr% ( )
x 0 x 0

y f (x x) f (x)
lim lim f ' x

x xδ → δ →

δ + δ −
= =

δ δ

        
dy d

f (x)
dx dx

= f '(x)=

fVIi.kh

(1) lehdj.k (v) }kjk fu#fir lhekar izfØ;k ,d xf.krh; lafØ;k gSA bl izfØ;k dks vodyu
dgk tkrk gS rFkk blds ifj.kke dks vodyt dgrs gSaA

(2) ,d iQyu] ftldk fdlh fcUnq ij vodyt dk vfLrRo gS] mls vodyuh; iQyu dgrs gSaA

(3) bl ckr dks lR;kfir fd;k tk ldrk gS fd ;fn ( )f x  fdlh fcUnq x = a ij vodyuh;
gS] rks og ml fcUnq ij lrr Hkh gS ;|fi ;g vko';d ugha fd bldk foykse lR; gksA

(4) ladsr xδ ds LFkku ij x∆  vFkok  h dk Hkh mi;ksx fd;k tkrk gSA

vFkkZr] 
h 0

dy f (x h) f (x)
lim

dx h→

+ −
=   vFkok     

x 0

dy f (x x) f (x)
lim

dx x∆ →

+ ∆ −
=

∆
  gSA

(5) ;fn y = f (x) gS] rks 
dy

dx
 dks 1y  vFkok y'  }kjk Hkh fu#fir fd;k tkrk gSA

26.2 osx ,d lhekUr
eku yhft, fd fd ,d d.k] tks vkjEHk esa O ij fLFkj gS] ,d ljy js[kk OP ij xfreku gSA bl
d.k }kjk P fcUnq rd igq¡pus esa r; dh xbZ nwjh le; t dk iQyu gSA

fp=k 21.1
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ge nwjh OP dks fy[k ldrs gSa] OP s f (t)= =

blh izdkj ;fn P ds lehi ,d fcUnq Q rd igq¡pus dh nwjh sδ rFkk le; tδ gks rks

      OQ OP PQ= +

s s= + δ

f (t t)= + δ ...(ii)

d.k dk le; vUrjky tδ  esa vkSlr osx

=
njw h esa ifjorZu
le; eas ifjoruZ

(s+ s) s

(t+ t) t

δ −
=

δ − (i) vkSj (ii) }kjk

f (t t) f(t)

t

+ δ −
=

δ

vc ge P ds lehi NksVs vUrjky esa vkSlr osx Kkr djus ds fy, tδ dks vkSj NksVk cuk ysrs gSaA

vkSlr osx dk lhekar eku tcfd t 0δ → (PfcUnq ij) fdlh le; t ij d.k dk rkR{kf.kd osx
dgykrk gSA

∴ le; t ij osx 
t 0

f (t t) f (t)
lim

tδ →

+ δ −
=

δ

bls 
ds

dt
 }kjk fu:fir fd;k tkrk gSA

vr% ;fn fdlh xfreku d.k }kjk le; t ij r; dh xbZ nwjh f(t) gS rks 0t t=  ij 1f  dk vodyt

fcUnq P ij rkR{kf.kd vFkkZr~ le; 0t t=  ij osx fu:fir djrk gSA

bldks fdlh iQyu dk ,d fcUnq ij vodyt dk HkkSfrd izn'kZu Hkh dgk tkrk gSA

fVIi.kh % vodyt 
dy

dx
, y dh x ds lkis{k rkR{kf.kd ifjorZu nj dks O;Dr djrk gSA

mnkgj.k 26.1.  ,d dkj }kjk le; t lsdaM esa r; dh x;h 's' eh nwjh fuEufyf[kr lEcU/ }kjk

ifjHkkf"kr gS %
2s 3t=

le; t = 4 lsd.M ij dkj dk osx Kkr dhft,A
gy % ;gk¡ 2f (t) s 3t= =

∴ 2f (t t) s s 3(t t)+ δ = + δ = + δ

fdlh le; t ij dkj dk osx   
t 0

f (t t) f (t)
lim

tδ →

+ δ −
=

δ

2 2

t 0

3(t t) 3t
lim

tδ →

+ δ −
=

δ
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2 2 2

t 0

3(t 2t. t t ) 3t
lim

tδ →

+ δ + δ −
=

δ

t 0
lim (6t 3 t)

δ →
= + δ  = 6t

∴t = 4 lsd.M ij dkj dk osx = (6 × 4) eh@lsd.M

= 6 × 4 = 24 eh@lsd.M

  ns[ksa vkius fdruk lh[kk  26.1

1. fdlh ljy js[kk esa xfreku d.kksa dk osx fn;s x, le;&nwjh lEcU/ksa ls t ds bafxr ekuksa ij
Kkr dhft, %

(a)
1

s 2 3t; t .
3

= + = (b) s 8t 7; t 4.= − =

(c)
2 3

s t 3t; t .
2

= + = (d)
2 5

s 7t 4t 1; t .
2

= − + =

2. ,d ljy js[kk esa xfreku ,d d.k }kjk t lsd.M esa r; dh x;h nwjh s eh dh nwjh
4 2s t 18t= −  }kjk iznf'kZr dh xbZ gSA t = 10 lsd.M ij xfr Kkr dhft,

3. ,d d.k ,d {kSfrt js[kk esa xfreku gSA bldh ,d fLFkj fcUnq 0 ls t lsd.M esa nwjh s uhps
fn, x;s laca/ }kjk ifjHkkf"kr gS %

2 3s 10 t t= − +

3 lsd.M ds vUr esa d.k dh rkR{kf.kd xfr Kkr dhft,A

 26.3  dy/dx  dk T;kferh; vFkZ
eku yhft, fd y = f (x) ,d x  dk lrr iQyu gSA vkb;s] bl iQyu dk xzkiQ [khapsaA eku yhft,
fd APQB bldk xzkiQh; fu:i.k gSA

P(x, y) α
A δx

y

θ
OT

α

x

x + xδ

M
δx

N
x

y + yδ

R

By 
=
 f(

x)

Q(x + x, y + y)δδ

    fp=k 21.2

dy/
dx
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eku yhft, fd y = f(x) ij ,d fcUnq P (x,y) gSA eku yhft, fd P ds lehi gh nwljk fcUnq
Q(x x, y y)+ δ + δ  gSA PM vkSj QN, x&v{k ij yEc Mkysa vkSj PR x&v{k ds lekUrj [khaps rkfd
PR, QN dks R ij dkVsA QP dks feyk;sa rFkk bls fcUnq S rd c<+k;sa A eku yhft, fd izfrNsnh js[kk
QPS ?kukRed x&v{k ds lkFk ekuk fd α dks.k cukrh gSA fcUnq P ij oØ dh PT Li'kZ js[kk [khpsa
tks fd x&v{k ds lkFk θ  dks.k cukrh gSA f=kHkqt QPR esa QPR∠ = α

QR QN RN QN PM (y y) y y
tan

PR MN ON OM (x x) x x

− − + δ − δ
α = = = = =

− + δ − δ (i)

vc eku yhft, fd fcUnq Q oØ ij fcUnq P dh vksj P ds lehi vkSj lehi tkrk gSA bl izdkj
tc Q P→ rc x 0δ → , y 0δ → ,

0,(tan tan )α → α → θ

vkSj ifj.kke Lo:i Nsnd js[kk QPR Li'kZ js[kk PT  ds lkFk laikrh gksus ds fy, izòr gksrh gSA

(i) ls  
y

tan
x

δ
α =

δ

lhekar fLFkfr esa,      
x 0 x 0
y 0

y
lim tan lim

xδ → δ →
δ →
α→ θ

δ
α =

δ

∴   
dy

tan
dx

θ = ...(ii)

bl izdkj 
dy

dx
, tks fd y = f (x) dk oØ ds fdlh fcUnq P (x,y) ij vodyt gS] fcUnq P ij Li'kZ

js[kk ds <yku ;k izo.krk dks fu:fir djrk gSA

bls 
dy

dx
 dk T;kferh; izn'kZu dgk tkrk gSA

;g ckr ;kn j[ksa fd oØ ds fofHkUu fcUnqvksa ij 
dy

dx
 ds eku fHkUu fHkUu gksrs gSaA

blfy, fdlh fo'ks"k fcUnq ij oØ dh Li'kZ js[kk dh izo.krk Kkr djus ds fy, y = f (x) lehdj.k

ls 
dy

dx
 dk eku Kkr dhft, vkSj 

dy

dx
 esa fcUnq ds funsZ'kakd dk eku izfrLFkkfir dhft,A

miizes; 1

;fn oØ ds fcUnq P ij Li'kZ js[kk x-v{k ds lekUrj gSA rks 0θ = ° ;k 180°, 
dy

tan 0
dx

= °  ;k

tan 180° = 0 vFkkZr 
dy

0
dx

=

vr% y = f(x)  ds fcUnq P ij Li'kZ js[kk x-v{k ds lekUrj gS
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miizes; 2

;fn oØ ds fcUnq P ij Li'kZ js[kk] x v{k ds yEcor gks rks 90θ = ° , 
dy

tan90
dx

= ° = ∞

vr% y = f(x) ds fcUnq P ij Li'kZ js[kk y-v{k ds lekUrj gSA

26.4 vpj iQyu dk vodyt
dFku % ,d vpj dk vodyt 'kwU; gksrk gS

miifÙk % y = c ,d vpj iQyu gSA

;k 0y cx= 0[ x 1]=Q ..(i)

eku yhft, fd x esa ,d NksVh lh o`f¼ xδ  gksrh gS rFkk y esa mlds laxr o`f¼ yδ  gksrh gS rkfd
0y y c(x x)+ δ = + δ ..(ii)

(ii) esa ls (i) dks ?kVkus ij

      0 0(y y) y c(x x) cx+ δ − = + δ − , ( )0x 1=Q

       y c cδ = −

       y 0δ =

xδ ls Hkkx djus ij            
y 0

x x

δ
=

δ δ

      
y

0
x

δ
=

δ

x 0δ → lhekar ysrs gq,  
x 0

y
lim 0

xδ →

δ
=

δ

       
dy

0
dx

=

vFkok         
dc

0
dx

=

;g fl¼ djrk gS fd fdlh vpj dh ifjorZu nj 'kwU; gSA blfy, ,d vpj dk vodyt
'kwU; gSA

26.5  fdlh iQyu dk izFke fl¼kUr ls vodyu
fdlh iQyu ds ,d fcUnq ij vodyt dh ifjHkk"kk dk Lej.k djus ls] gesa fdlh iQyu dk izFke
fl¼kUr ls vodyt Kkr djus ds fy, fuEu dk;Zdkjh fu;e izkIr gksrk gSA

pj.k I :  fn, x, iQyu dks y = f (x) ds :i esa fyf[k,  ....(i)

pj.k II : eku yhft, fd x esa NksVk ifjorZu xδ  gS rFkk y esa laxr ifjorZu yδ  gSA  bl izdkj
y y f (x x)+ δ = + δ ....(ii)

pj.k III : (i) dks (ii) esa ls ?kVkus ij gesa feyrk gS
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y f (x x) f (x)δ = + δ − ..(iii)

pj.k IV : (iii) ds ifj.kke dks xδ  ls Hkkx nsus ij] gesa feyrk gS

y f (x x) f (x)

x x

δ + δ −
=

δ δ

pj.k V :  tc x 0δ →  rks mijksDr dh lhek ysus ij

    
x 0 x 0

y f (x x) f (x)
lim lim

x xδ → δ →

δ + δ −
=

δ δ

 fVIi.kh%

izFke fl¼kUr ls iQyuksa dk vodyt Kkr djus dks MsYVk fof/ vFkok vkfnr% vodyu fof/
Hkh dgrs gSaA

vc ge dqN ekud iQyuksa ds vodyt izFke fl¼kUr ls Kkr djsaxsA

dqN iQyuksa ds izFke fl¼kUr }kjk vodyt

eku yhft, fd ny x= .....(i)

x esa ,d NksVh c<+ksÙkjh xδ  ds fy, eku yhft, fd y esa laxr c<+ksÙkjh yδ  gS

rc ny y (x x)+ δ = + δ . ...(ii)

(i) dks (ii) esa ls ?kVkus ij

    n n(y y) y (x x) x+ δ − = + δ −

∴     

n
n nx

y x 1 x
x

δ 
δ = + − 

 

        

n
n x

x 1 1
x

 δ 
= + −  

   

D;ksafd xδ , x dh rqyuk esa cgqr NksVk gS] 
x

x

δ
<1, vr% ge 

n
x

1
x

δ 
+ 

 
 dk fdlh ?kkrkad ds fy,

f}in izes; }kjk izlkj fy[k ldrs gSaA
n

x
1

x

δ + 
 

 dks f}in izes; }kjk izlkfjr djus ij

2 3
n x n(n 1) x n(n 1)(n 2) x

y x 1 n ... 1
x 2! x 3! x

 δ − δ − − δ     δ = + + + + −      
       

    ( ) ( ) ( ) ( ) ( )2
n

2 3

n n 1 n n 1 n 2 xn x
x x ....

x 2 3!x x

 − − − δδ
 = δ + + +
  
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mijksDr dks xδ ls Hkkx nsus ij gesa feyrk gS %

2
n

2 3

y n n(n 1) x n(n 1)(n 2) ( x)
x ...

x x 2! 3!x x

 δ − δ − − δ
= + + + 

δ   

tc x 0δ →  rFkk 2( x)δ  rFkk mlls cM+h ?kkrsa Hkh 'kwU; dh vksj vxzlj gksrh gSa]

mijksDr dh lhek ysus ij

∴   

2
n

2 3x 0 x 0

y n n(n 1) x n(n 1)(n 2) ( x)
lim lim x ...

x x 2! 3!x xδ → δ →

 δ − δ − − δ
= + + + 

δ   

vFkok
n

x 0

y dy n
lim x 0 0 ...

x dx xδ →

δ  = = + + + δ  

vFkok  
n n 1dy n

x nx
dx x

−= ⋅ =

vr,o      
n n 1d

(x ) nx ,
dx

−−−−==== ny x =
 
Q

bldks U;wVu dk ikoj&iQkewZyk (Power  Formula) vFkok ikoj fu;e (Power  Rule) dgrs gSaA

fVIi.kh % bl lw=k dk iz;ksx djds ge 2 3x,x ,x ,... vkfn iQyuksa vFkkZr tc n = 1,2,3,... gSa
dk vodyu Kkr dj ldrs gSaA

mnkgj.k ds fy,  
1 1 1 0d d

x x 1x 1x 1.1 1
dx dx

−= = = = =

2 2 1d
x 2x 2x

dx

−= =

       ( )3 3 1 2d
x 3x 3x

dx

−= =

mnkgj.k 26.2.   fuEufyf[kr esa ls izR;sd dk vodyt Kkr dhft, %

(i) 10x (ii) 50x (iii) 91x

gy % (i) ( )10 10 1 9d
x 10x 10x

dx

−= =

(ii) ( )50 50 1 49d
x 50x 50x

dx

−= =

(iii) ( )91 91 1 90d
x 91x 91x

dx

−= =

vr%
1 1

1
2 2

1 / 2

dy 1 1 1 1
x x

dx 2 2 2 x

−
−

= = =  vFkok   ( )d 1
x

dx 2 x
=

vc ge dqN ljy iQyuksa dk vodyt ifjHkkf"kr vFkok izFke fl¼kUr ls djsaxsA
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mnkgj.k 26.3.  2x dk izFke fl¼kUr ls vodyt Kkr dhft,A

gy % eku yhft,
2y x= .....(i)

x  esa ,d NksVh c<+ksrjh xδ  ls y esa laxr c<+ksrjh yδ  gS

2y y (x x)+ δ = + δ .....(ii)

(ii) esa ls (i) ?kVkus ij] gesa feyrk gS %

    2 2(y y) y (x x) x+ δ − = + δ −

vFkok      2 2 2y x 2x( x) ( x) xδ = + δ + δ −

vFkok      2y 2x( x) ( x)δ = δ + δ

mijksDr dks xδ  ls Hkkx nsus ij] gesa feyrk gS %

    
y

2x x
x

δ
= + δ

δ

lhek ysus ij gesa feyrk gS %

      
x 0 x 0

y
lim lim (2x x)

xδ → δ →

δ
= + δ

δ

vFkkZr     
x 0

dy
2x lim ( x)

dx δ →
= + δ

         = 2x + 0

         = 2x

vr,o]     
dy

2x
dx

= vFkok ( )2d
x 2x

dx
=

mnkgj.k 26.4. x  dk izFke fl¼kUr ls vodyt dhft, A

gy % eku yhft, y x= ..(i)

x esa ,d NksVh c<+ksrjh xδ  ds fy, eku yhft, fd  y esa laxr c<+ksrjh yδ  gS

∴      y y x x+ δ = + δ ...(ii)

(ii) esa ls (i) ?kVkus ij] gesa feyrk gS

          ( )y y y x x x+ δ − = + δ −

vFkok y x x xδ = + δ −

(iii) ds nk;sa i{k ds va'k dk ifjes;dj.k djus ij feyrk gS

( )x x x
y x x x

x x x

+ δ −
δ = + δ +

+ δ +

  ( )
(x x) x

x x x

+ δ −
=

+ δ +
vFkok         

x
y

x x x

δ
δ =

+ δ +
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xδ ls Hkkx nsus ij gesa feyrk gS

y 1

x x x x

δ
=

δ + δ +

lhek ysus ij gesa feyrk gS

 
x 0 x 0

y 1
lim lim

x x x xδ → δ →

δ  
=  δ + δ + 

vFkok
dy 1

dx x x
=

+
vFkok   ( )d 1

x
dx 2 x

=

mnkgj.k 26.5. ;fn f (x) ,d vodyuh; iQyu gS rFkk c ,d vpj gS rks (x) cf (x)φ =  dk
vodyt Kkr dhft,A

gy % gesa iQyu (x) cf (x)φ = ......(i) dk vodyt Kkr djuk gS

x esa ,d NksVh c<+ksrjh xδ ds fy,] eku yhft, fd laxr iQyu (x)φ dk eku ( )x xφ + δ  rFkk

( )f x dk eku f (x x)+ δ gSA
∴ (x x) cf (x x)φ + δ = + δ ...(ii)

(ii) esa ls (i) ?kVkus ij gesa feyrk gS

    [ ](x x) (x) c f (x x) f (x)φ + δ − φ = + δ −

mijksDr dks xδ  ls Hkkx nsus ij gesa feyrk gS

(x x) (x) f (x x) f (x)
c

x x

φ + δ − φ + δ − 
=  δ δ 

lhek ysus ij gesa feyrk gS

  
x 0 x 0

(x x) (x) f (x x) f (x)
lim lim c

x xδ → δ →

φ + δ − φ + δ − 
=  δ δ 

vFkok      
x 0

f (x x) f (x)
'(x) c lim

xδ →

+ δ − 
φ =  δ 

vFkok       '(x) cf '(x)φ =

vr%    ( ) ( )( )d d
cf x c f x

dx dx
= ⋅  

      ns[ksa vkius fdruk lh[kk 26.2

1. fuEufyf[kr esa ls izR;sd iQyu dk MsYVk fof/ ls vodyt Kkr dhft, %

(a) 10x (b) 2x 3+ (c) 23x

(d) 
2x 5x+ (e) 37x
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2. fuEufyf[kr esa ls izR;sd iQyu dks izFke fl¼kUr ls vodfyr dhft, %

(a)
1

,x 0
x

≠ (b)
1

,x 0
ax

≠ (c) 
1

x ,x 0
x

+ ≠

(d)
1 b

,x
ax b a

−
≠

+
(e)

ax b d
,x

cx d c

+ −
≠

+
(f) 

x 2 5
,x

3x 5 3

+ −
≠

+

3. fuEufyf[kr esa ls izR;sd dk izFke fl¼kUr ls vodyt Kkr dhft, %

(a) 
1

, x 0
x

≠ (b)
1 b

,x
aax b

−
≠

+
(c)

1
x ,x 0

x
+ ≠

(d)
1 x

,x 1
1 x

+
≠

−

4. fuEufyf[kr esa ls izR;sd iQyu dk MsYVk fof/ ls vodyt Kkr dhft, %

(a)   f (x) 3 x= A f'(2) Hkh Kkr dhft,A (b) 2f (r) r= π A  f(2) Hkh Kkr dhft,A

(c)   
34

f (r) r
3

= π A  f '(3) Hkh Kkr dhft,A

26.6 vodytksa dk chtxf.kr
cgqr ls iQyu nwljs iQyuksa ds la;kstu ls curs gSaA la;kstu iQyuksa ds ;ksx] vUrj] xq.ku vFkok Hkkx
}kjk cus gks ldrs gSaA gesa dHkh&dHkh ,slh ifjfLFkfr Hkh feyrh gS tgk¡ ,d iQyu dk iQyu nwljs
iQyu ds :i esa O;Dr gksrk gSA

,slh ifjfLFkr;ksa esa vodyt dks ,d vPNk vkStkj (tool) cukus ds fy,] gesa ;ksx] vUrj] xq.ku]
Hkkx rFkk iQyuksa ds iQyu ds vodytksa ds fu;e cukus vko';d gSaA ,sls fu;e gesa cgqinksa] chth;
(ifjes; lfgr) iQyuksa ds vodyt Kkr djus esa lgk;d gksxsaA

26.7 iQyuksa ds ;ksx rFkk vUrj dk vodyt
;fn f (x) rFkk g (x)nksuksa vodyuh; iQyu gSa rFkk h (x) = f (x) + g ( x) rks h' (x)  D;k gksxk\

eku yhft, fd xδ , x esa ,d NksVh c<+ksrjh gS rFkk y,δ y esa laxr NksVh c<+ksrjh gSA

∴ h(x x) f (x x) g(x x)+ δ = + δ + + δ

vr%        
[ ] [ ]

x 0

f (x x) g(x x) f (x) g(x)
h '(x) lim

xδ →

+ δ + + δ − +
=

δ

    
[ ] [ ]

x 0

f (x x) f (x) g(x x) g(x)
lim

xδ →

+ δ − + + δ −
=

δ

    
x 0

f (x x) f (x) g(x x) g(x)
lim

x xδ →

+ δ − + δ − = + δ δ 

     
( ) ( ) ( ) ( )

x 0 x 0

f x x f x g x x g x
lim lim

x xδ → δ →

+ δ − + δ −
= +

δ δ

vFkok ( ) ( ) ( )h ' x f ' x g ' x= +
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vr% ge ns[krs gSa fd nks iQyuksa ds ;ksx dk vodyt muds vodytksa ds ;ksx ds cjkcj gksrk gSA

bls ;ksx dk fu;e dgrs gSaA

mnkgj.kr;k 2 3y x x= +

rks ( ) ( )2 3d d
y ' x x

dx dx
= +

     22x 3x= +

bl izdkj 2y ' 2x 3x= +

bl ;ksx fu;e ls ge vUrj fu;e Hkh ljyrk ls Kkr dj ldrs gSaA

D;ksafd ;fn   ( ) ( ) ( )h x f x g x= −  gSA

rks         ( ) ( ) ( )h x f x g x= + −  

∴        ( ) ( ) ( )h ' x f ' x g ' x= + −  

    ( ) ( )f ' x g ' x= −

vFkkZr nks iQyuksa ds vUrj dk vodyt muds vodytksa ds vUrj ds cjkcj gksrk gSA bls vUrj
fu;e dgk tkrk gSA

bl izdkj ge izkIr djrs gSa %

;ksx fu;e % ( ) ( ) ( ) ( )d d d
f x g x f x g x

dx dx dx
+ = +          

vUrj fu;e % ( ) ( ) ( ) ( )d d d
f x g x f x g x

dx dx dx
− = −          

mnkgj.k 26.6. fuEufyf[kr esa ls izR;sd iQyu dk vodyt Kkr dhft, %

(i) 2 3y 10t 20t= +

(ii)
3

2

1 1
y x

xx
= + − ,  x 0≠

gy % (i) gesa fn;k gS 2 3y 10t 20t= +

∴           ( ) ( )2dy
10 2t 20 3t

dt
= +

    220t 60t= +

(ii)   3

2

1 1
y x

xx
= + − x 0≠

     3 2 1x x x− −= + −

∴             
2 3 2dy

3x ( 2)x ( 1)x
dx

− −= + − − −  
2

3 2

2 1
3x

x x
= − +
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mnkgj.k 26.7.  bafxr ekuksa ij fuEufyf[kr esa ls izR;sd iQyu ds vodyt dk eku Kkr dhft,%
3 2y x 3x 4x 5, x 1= + + + =

gy % gesa fn;k gS   3 2y x 3x 4x 5= + + +

∴
3 2 2dy d

x 3x 4x 5 3x 6x 4
dx dx

 = + + + = + +
 

∴    ( ) ( )2

x 1

dy
3 1 6 1 4

dx =

 = + +
 = 13

     ns[ksa vkius fdruk lh[kk 26.3

1. y' Kkr dhft, %

(a) y =12 (b)  y = 12x (c) y = 12 x + 12

2. fuEufyf[kr esa ls izR;sd iQyu dk vodyt Kkr dhft, %

(a)  9f (x) 20x 5x= + (b) 4 2f (x) 50x 20x 4= − − +

(c) 3 2f (x) 4x 9 6x= − − (d)
95

f (x) x 3x
9

= +

(e) 
3 2 2

f (x) x 3x 3x
5

= − + − (f)
8 6 4x x x

f (x) 2
8 6 4

= − + −

(g) 

2 4

3 5
2

2 3
f (x) x x

5 x

−

= − + (h)
1

f (x) x
x

= −

3. (a) ;fn f (x) 16x 2= +  rks f '(0),f '(3),f '(8)  Kkr dhft,A

(b) ;fn 
3 2x x

f (x) x 16
3 2

= − + −  rks ( ) ( ) ( )f ' 1 , f ' 0 , f ' 1−  Kkr dhft,A

(c) ;fn
4

7x 3
f (x) x 2x 5

4 7
= + + − ] rks ( )f ' 2−  Kkr dhft,A

(d) fn;k gS fd 34
V r

3
= π ] 

dV

dr
Kkr dhft, rFkk 

r 2

dV

dr =





Kkr dhft,A

26.8 iQyuksa ds xq.ku dk vodyt
vki vad xf.kr dh pkj ewy lafØ;kvkasa% ;ksx] vUrj ( O;odyu) xq.kk rFkk Hkkx ds fo"k; esa tkurs
gSaA vHkh rd geus ;ksx rFkk vUrj ds fu;eksa dh ppkZ dhA vkb, vc ge nks iQyuksa ds xq.ku ls
cus iQyu dk vodyt Kkr djsaA

iQyu 2 2y (x 1)= +  ij fopkj dhft,A
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bldks ge fuEu izdkj ls fy[k ldrs gSa
2 2y (x 1)(x 1)= + +

,slh ifjfLFkfr esa gesa vodyt Kkr djus dh fof/ Kkr djus dh vko';drk gSA

eku yhft, fd x esa c<+ksrjh xδ  rFkk y esa laxr c<+ksrjh yδ gS rc

       2 2y y [(x x) 1][(x x) 1)]+ δ = + δ + + δ +

⇒ 2 2 2 2y [(x x) 1][(x x) 1)] (x 1)(x 1)δ = + δ + + δ + − + +

     ( ) ( ) ( )( )2 2 2 2 2 2x x 1 x x x x 1 x 1 x 1   = + δ + + δ − + + − + +   

    2 2 2[(x x) 1][(x x) x )]= + δ + + δ − 2 2 2 2(x 1)[(x x) 1] (x 1)(x 1)+ + + δ + − + +

     2 2 2 2 2 2[(x x) 1][(x x) x ] (x 1)[x x) 1 (x 1)]= + δ + + δ − + + + δ + − +

     2 2 2 2 2 2[(x x) 1][(x x) x ] (x 1)[(x x) x ]= + δ + + δ − + + + δ −

∴ ( ) ( ) ( ) ( )2 22 2
2 2x x x x x xy

x x 1 x 1
x x x

   + δ − + δ −δ      = + δ + ⋅ + +  δ δ δ   
   

    ( ) ( ) ( ) ( )2 2
2 22x x x 2x x x

x x 1 x 1
x x

   δ + δ δ + δ     = + δ + ⋅ + +   δ δ   
   

     2 2[(x x) 1](2x x) (x 1)(2x x)= + δ + + δ + + + δ

∴            
2 2

x 0 x 0 x 0

y
lim lim [(x x) 1] [2x x] lim (x 1)(2x x)

xδ → δ → δ →

δ
= + δ + ⋅ + δ + + + δ

δ

vFkok ( )( ) ( ) ( )2 2dy
x 1 2x x 1 2x

dx
= + + + ⋅

      ( )22x 2x 2= +

       ( )24x x 1= +

vkb, ge fo'ys"k.k djsa % ( ) ( ) ( ) ( )2 2

2 2x 1 x 1

dy
x 1 2x x 1 2x

dx
+ +

= + + +

dk vodyt dk vodyt

  vc 3 2y x x= ⋅  ij fopkj dhft,

 D;k ( ) ( )3 2 2dy
x 2x x 3x

dx
= ⋅ + ⋅  gS?

vkb, tk¡p djsa ( ) ( )3 2 2x 2x x 3x+ 4 42x 3x= + 45x=

gesa feyk gS          3 2y x x= ⋅ 5x=

∴        
4dy

5x
dx

=
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lk/kkj.kr;k] ;fn f (x) rFkk g(x), x ds nks iQyu gSa  rks muds xq.ku dk vodyt fuEufyf[kr :i
ls ifjHkkf"kr gksrk gSA

   ( ) ( ) ( ) ( ) ( ) ( )d
f x g x f x g ' x g x f ' x

dx
  = + 

  ( ) ( )d d

dx dx

   
   = +      

   
iFz ke iQyu nwljk iQyu nlw jk iQyu izFke iQyu

bldks nks iQyuksa ds xq.kuiQy dk vodyt i<+k tkrk gSA bls gh xq.ku fu;e dgrs gSaA

mnkgj.k 26.8.  ;fn ( )6 2y 5x 7x 4x= +  gS] rks 
dy

dx
 Kkr dhft,A

I fof/ % ;gk¡ y nks iQyuksa dk xq.kuiQy gSA

∴        ( ) ( ) ( ) ( )6 2 2 6dy d d
5x 7x 4x 7x 4x 5x

dx dx dx
= ⋅ + + +

( )( ) ( )( )6 2 55x 14x 4 7x 4x 30x= + + +

7 6 7 670x 20x 210x 120x= + + +

7 6280x 140x= +

II fof/ %           ( )6 2y 5x 7x 4x= +

8 735x 20x= +

∴       
7 6 7 6dy

35 8x 20 7x 280x 140x
dx

= × + × = +

tks fd ogh gS tks igyh fof/ ls izkIr gqvk FkkA

blh fu;e dk nks ls vf/d iQyuksa ds fy, foLrkj fd;k tk ldrk gSA

 fVIi.kh % ;fn f (x), g (x) rFkk h(x) ds rhu iQyu gSa] rks

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )d d d d
f x g x h x f x g x h x g x h x f x h x f x g x

dx dx dx dx
  = + + 

mnkgj.k 26.9. ( ) ( ) ( )f x g x h x    dk vodyt Kkr dhft, ;fn

( ) ( ) ( )f x x, g x x 3 ,= = − ( ) 2h x x x= +

gy % eku yhft, fd y = ( )( )2x x 3 x x− +

y dk vodyt Kkr djus ds fy;s ge igys fdUgh nks iQyuksa dk xq.kuiQy Kkr djrs gSa] fiQj xq.ku
fu;e dk mi;ksx djrs gSa] ;k fiQj mijksDr fVIi.kh esa fn, x, fu;e dk mi;ksx djrs gaSA

nwljs 'kCnksa esa] ge fy[k ldrs gSa

( ) ( )2y x x 3 x x=  −  + 
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eku yhft, fd       ( ) ( ) ( )u x f x g x= ( )x x 3= − 2x 3x= −

rFkk         ( ) 2h x x x= +

∴   ( ) ( )y u x h x= ×

vr% ( ) ( ) ( ) ( )2 2 2dy d d
x x 3 x x x x x 3x

dx dx dx
= − + + + −

     ( )( ) ( )( )2x x 3 2x 1 x x 2x 3= − + + + −

    ( )( ) ( )( ) ( )2 2x x 3 2x 1 x x x 3 x x x= − + + + − + +

    ( ) ( ) ( ) ( ) ( )[f x g x ] h ' x [g x h(x)]f '(x) [h x f (x)].g '(x)= ⋅ + +

vr%   ( ) ( ) ( ) ( ) [ ]d d
[f x g x h x ] [f x g(x)] h(x)

dx dx
= ⋅ ( ) [ ] [ ]d d

[g x h(x)] f (x) h(x)f (x) g(x)
dx dx

+ +

fodYir% ge lh/s rhu iQyuksa ds xq.kuiQy dks ysdj xq.ku fu;e yxk ldrs gSaA

 ( ) ( )2 2 2dy d d d
[x x 3 ] (x x) [ x 3 (x x)] (x) [(x x) x] (x 3)

dx dx dx dx
= − + + − + + + ⋅ −

      ( ) ( ) 2 2x x 3 (2x 1) x 3 (x x) 1 (x x) x 1= − + + − + ⋅ + + ⋅ ⋅

      3 24x 6x 6x= − −

      ns[ksa vkius fdruk lh[kk 26.4

1. xq.ku fu;e ds mi;ksx ls fuEufyf[kr iQyuksa  esa ls izR;sd dk vodyt Kkr dhft,%

` (a) ( )f x (3x 1)(2x 7)= + − (b) f (x) (x 1)( 3x 2)= + − −

(c) f (x) (x 1)( 2x 9)= + − − (d) y (x 1)(x 2)= − −

(e) 2 2y x (2x 3x 8)= + + (f) 2y (2x 3)(5x 7x 1)= + − +

(g) 2 3u(x) (x 4x 5)(x 2)= − + −

2. fuEufyf[kr esa ls izR;sd iQyu dk vodyt Kkr dhft, %

(a) 2f (r) r(1 r)( r r)= − π + (b) f (x) (x 1)(x 2)(x 3)= − − −

(c) 2 3 2 4f (x) (x 2)(x 3x 4)(x 1)= + − + −

(d) ( )2 2f (x) (3x 7)(5x 1) 3x 9x 8= + − + +

26.9 Hkkx fu;e
vkius mu iQyuksa] tks nks iQyuksa ds ;ksx] vUrj ,oe~ xq.ku ds :i esa gS] ds vodyt Kkr djus
ds fy, Øe'k% ;ksx] vUrj rFkk xq.ku fu;e lh[ks gSaA vkb, vc ge ,d dne vkSj vkxs c<+kdj
mu iQyuksa dk vodyt Kkr djus ds fy, ^Hkkx fu;e* lhs[ksa tks nks iQyuksa ds Hkkx ds :i esa
O;Dr gSaA
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eku yhft, fd
1

g(x)
r(x)

= , [r(x) 0]≠

vkb,] ge g (x) dk vodyt izFke fl¼kUr ls Kkr djsaA

    
1

g(x)
r(x)

=

∴   
x 0

1 1

r(x x) r(x)g '(x) lim
xδ →

 − + δ=  
δ 

           
x 0

r(x) r(x x)
lim

(x)r(x)r(x x)δ →

 − + δ
=  δ + δ 

x 0 x 0

r(x) r(x x) 1
lim lim

x r(x).r(x x)δ → δ →

− + δ 
=  δ + δ 

2 2

1 r '(x)
r '(x)

[r(x)] [r(x)]
= − ⋅ = −

vkb,] vc ,sls nks iQyu f (x) rFkk g (x)  ysa rkfd f (x)
(x)

g(x)
φ = , ( )g x 0≠  gksA

ge fy[k ldrs gSa ( ) 1
(x) f x

g(x)
φ = ⋅

∴     ( ) 1 d 1
(x) f ' x f (x)

g(x) dx g(x)

 
φ = ⋅ +  

 

2

f '(x) g '(x)
f (x)

g(x) [g(x)]

 −
= +  

  
2

g(x)f '(x) f (x)g '(x)

[g(x)]

−
=

vr,o         2

d f (x) f '(x)g(x) f (x)g '(x)

dx g(x) [g(x)]

  −
= 

 

2

 ( )   ( )

( )

−
=
gj v'a k dk vodyt v'a k gj dk vodyt

gj

bls Hkkx fu;e (vFkok HkkxiQy fu;e) dgrs gSa

 mnkgj.k 26.10. ;fn 
4x 3

f (x)
2x 1

+
=

−
,

1
x

2
≠ , gS rks ( )f ' x Kkr dhft, A

gy%     
2

d d
(2x 1) (4x 3) (4x 3) (2x 1)

dx dxf '(x)
(2x 1)

− + − + −
=

−

2

(2x 1).4 (4x 3).2

(2x 1)

− − +
=

−
 2

10

(2x 1)

−
=

−
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dyu

fVIi.kh

 vkb, ge fuEufyf[kr mnkgj.k ij fopkj djss %

         
1

f (x)
2x 1

=
−

,
1

x
2

≠

2

d d
(2x 1) (1) 1 (2x 1)

d 1 dx dx

dx 2x 1 (2x 1)

− − −
 

= −  −

       2

(2x 1) 0 2

(2x 1)

− × −
=

−

d
(1) 0

dx

 
=  

Q

  2

d 1 2

dx 2x 1 (2x 1)

 
= − −  −

      ns[ksa vkius fdruk lh[kk 26.5

1. fuEufyf[kr esa ls izR;sd dk vodyt Kkr dhft, %

(a) 
2

y
5x 7

=
−

, 
7

x
5

≠ (b) 2

3x 2
y

x x 1

−
=

+ −
(c)

2

2

x 1
y

x 1

−
=

+

(d)
4

2

x
f (x)

x 3
=

−
(e)

5

7

x 2x
f (x)

x

−
= (f)

2

x
f (x)

x x 1
=

+ +

(g) 3

x
f (x)

x 4
=

+

2. f '(x)  Kkr dhft, %

(a)  
2x(x 3)

f (x)
x 2

+
=

−
, [ ]x 2≠

(b)
( )(x 1) x 2

f (x)
(x 3)(x 4)

− −
=

− −
, [ ]x 3, x 4≠ ≠

26.10 Ja[kyk fu;e

blls igys gesa 4 2x 8x 1+ +  ds :i okys iQyu ugha feys gSaA bl iQyu dks nks iQyuksa ds ;ksx

vUrj] xq.ku vFkok HkkxiQy ds :i esa ugha O;Dr dj ldrs] blfy, vc rd dh lh[kh gqbZ fof/
;ka gesa ,sls iQyuksa ds vodyt Kkr djus esa lgk;d ugha gks ldrhA vr%] bl izdkj ds iQyu
dk vodyt Kkr djus ds fy, gesa ,d u;k fu;e fodflr djuk gksxkA

vkb, fy[ksa % 4 2y x 8x 1= + +  vFkok y t=  tgk¡ 4 2t x 8x 1= + +  vFkkZr y, t, t dk iQyu gS rFkk
t, x dk iQyu gSA vr% y ,d iQyu dk iQyu gSA ge ,d iQyu ds iQyu dk vodyt Kkr djus
dk iz;kl djus ds fy, vkxs c<rs gSaA
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dyu
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eku yhft, fd tδ , t esa o`f¼ gS rFkk y esa lxr o`f¼ yδ gS

rc] y 0δ → tc t 0δ →

∴
t 0

dy y
lim

dt tδ →

δ
=

δ
(i)

blh izdkj t, x dk iQyu gS
∴ t 0δ → tc  x 0δ →

∴
x 0

dt t
lim

dx xδ →

δ
=

δ
(ii)

 D;ksafd y, t dk iQyu gS rFkk t, x dk iQyu gSA blfy, y 0δ → tc x 0δ →

(i)  rFkk (ii) ls] gesa feyrk gSA

x 0 t 0 x 0

dy y y t
lim lim lim

dx x t xδ → δ → δ →

δ δ δ   
= =    δ δ δ   

     
dy dt

dt dx
= ⋅

 vr%
dy dy dt

dx dt dx
= ⋅

bls Ja[kyk fu;e dgk tkrk gSA

mnkgj.k 26.11.  ;fn 4 2y x 8x 1= + +  gS] rks 
dy

dx
 Kkr dhft,A

gy % gesa fn;k gS % 4 2y x 8x 1= + +

ftls ge fy[k ldrs gSa %

   y t= , tgk¡ 4 2t x 8x 1= + + (i)

∴
dy 1

dt 2 t
=  rFkk 3dt

4x 16x
dx

= +

;gk¡
3dy dy dt 1

(4x 16x)
dx dt dx 2 t

= ⋅ = ⋅ +

      

3 3

4 2 4 2

4x 16x 2x 8x

2 x 8x 1 x 8x 1

+ +
= =

+ + + +

mnkgj.k 26.12. iQyu 
2 7

5
y

(x 3)
=

−
 dk vodyt Kkr dhft,A

gy %   { }2 7dy d
5(x 3)

dx dx

−= −

       
2 8 2d

5[( 7)(x 3) ] (x 3)
dx

−= − − ⋅ − (Ja[kyk fu;e }kjk)

       2 835(x 3) (2x)−= − − ⋅  2 8

70x

(x 3)

−
=

−
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vodyu

ekWM~;wy - VIII

dyu

fVIi.kh

mnkgj.k 26.13. 
dy

dx
 Kkr dhft, ;fn 41

y v
4

=  rFkk 32
v x 5

3
= +  gksA

gy % gesa fn;k gS % 41
y v

4
=  rFkk 32

v x 5
3

= +

(i)
3dy 1

(4v )
dv 4

=  =

3
3 32

v x 5
3

 
= + 
 

...(i)

rFkk 2dv 2
(3x )

dx 3
= 22x= ..(ii)

vr%   
dy dy dv

dx dv dx
= ⋅

        

3
3 22

x 5 (2x )
3

 
= + 
 

 [(i) rFkk (ii) dk mi;ksx djus ij]

fVIi.kh

geus igys okys mnkgj.kksa esa ns[kk gS fd vodytksa ds fofHkUu fu;eksa ds mi;ksx ls ge lHkh
chth; iQyuksa dk vodyt Kkr dj ldrs gSaA

   ns[ksa vkius fdruk lh[kk 26.6

1. fuEufyf[kr esa ls izR;sd iQyu dk vodyt Kkr dhft, %

(a) 7f (x) (5x 3)= − (b) 2 35f (x) (3x 15)= −

(c) 2 17f (x) (1 x )= − (d)
( )5
3 x

f (x)
7

−
=

(e)
2

1
y

x 3x 1
=

+ +
(f) 2 53y (x 1)= +

(g)
2

1
y

7 3x

=
−

(h)

5
6 41 1 1

y x x
6 2 16

 
= + + 
 

(i) 2 4y (2x 5x 3)−= + − (j) 2y x x 8= + +

2.
dy

dx
 Kkr dhft, %

(a)
2

3 v 4x
y , v

2 v 1 x

−
= =

+ −
(b)

2 x
y at , t

2a
= =

26.12 ,d iQyu ds f}rh; dksfV ds vodyt
f}rh; dksfV dk vodyt% fn;k gS fd y, x dk iQyu] eku yhft, f (x) gSA ;fn bldk vodyt
dy

dx
 Hkh vodyuh; iQyu gS] rks 

dy

dx
 dk vodyt y = f (x) dk x  ds lkis{k f}rh; dksfV dk
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xf.kr

ekWM~;wy - VIII

dyu

fVIi.kh

vodyt dgykrk gS rFkk mls 
2

2

d y

dx
 }kjk fu#fir djrs gSaA vU; izrhd (symbols) tks f}rh; dksfV

vodyt ds fy, iz;qDr gksrs gSa 
2

D , f", y", 2y  vkfn gSaA

fVIi.kh

bl izdkj x ij f" dk eku gksxk %

( ) ( ) ( )
h 0

f ' x h f ' h
f " x lim

h→

+ −
=

rhljh] pkSFkh] ----- dksfV ds vodyt Hkh blh izdkj ls ifjHkkf"kr fd;s tk ldrs gSaA vr% x

ds lkis{k y dk nwljk vodyt ;k nwljh dksfV dk vodyt gSA
2

2

d dy d y

dx dx dx

 
= 

 

mnkgj.k 26.14. nwljh dksfV ds vodyt Kkr dhft, %

(i) 2x (ii) 3x +1 (iii) 2(x 1)(x 1)+ − (iv) 
x 1

x 1

+

−

gy % (i)  eku yhft,  2y x= , rc 
dy

2x
dx

=

rFkk    
2

2

d y d d(x)
(2x) 2

dx dxdx
= = ⋅

          = 2.1 = 2

∴    
2

2

d y
2

dx
=

(ii) eku yhft,         3y x 1= +

rc]     2dy
3x

dx
=  (;ksx fu;e }kjk rFkk vpj dk vodyt 'kwU; gSA)

rFkk   
2

2

2

d y d
(3x ) 3.2x 6x

dxdx
= = =

vFkkZr~    
2

2

d y
6x

dx
=

(iii) eku yhft,      2y (x 1)(x 1),= + −

rc]    
2 2dy d d

(x 1) (x 1) (x 1), (x 1)
dx dx dx

= + − + − +

        2(x 1) 1 (x 1) 2x= + ⋅ + − ⋅  2 2 2x 1 2x 2x 3x 2x 1= + + − = − +
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vodyu

ekWM~;wy - VIII

dyu

fVIi.kh

rFkk ( )
2

2

2

d y d
3x 2x 1 6x 2

dxdx
= − + = −

∴

2

2

d y
6x 2

dx
= −

(iv) eku yhft, fd   
x 1

y
x 1

+
=

−

   2 2

dy (x 1) 1 (x 1).1 2

dx (x 1) (x 1)

− ⋅ − + −
= =

− −

rFkk ( ) ( ) ( )

2

2 2 3 3

d y d 2 1 4
2. 2.

dxdx x 1 x 1 x 1

 −
 = = − − =
 − − − 

∴ ( )

2

2 3

d y 4

dx x 1
=

−

     ns[ksa vkius fdruk lh[kk 26.7

fuEufyf[kr esa ls izR;sd iQyu dk nwljh dksfV dk vodyt Kkr dhft, %

1. (a)
3x (b) 4 3 2x 3x 9x 10x 1+ + + +

(c)

2x 1

x 1

+

+
(d) 2x 1+

� fdlh iQyu f (x) dk x ds lkis{k vodyt

( ) ( ) ( )
x 0

f x x f x
f ' x lim

xδ →

+ δ −
=

δ

� ,d vpj dk vodyt 'kwU; }kjk ifjHkkf"kr gksrk gS vFkkZr 
dc

0
dx

=  tgk¡ c ,d vpj gS

� T;kferh; :i esa iQyu ( )y f x=  dk fcUnq ( )P x, y  ij vodyt 
dy

dx
, oØ ( )y f x=

ds fcUnq P ij Li'kZ js[kk dh izo.krk gksrh gSA
� y dk x ds lkis{k vodyt y dk x ds lkis{k rkR{kf.kd ifjorZu nj dk |ksrd gSA

� ;fn f (x) ,d vodyuh; iQyu gS rFkk c ,d vpj gS] rks ( ) ( )d
cf x cf ' x

dx
=  

vodyt n'kkZrk gS tgk¡ ( ) ( )f ' x , f x  dk vodyt fu#fir djrk gSA

C

A1

% + vkb;s nksgjk,¡
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 vodyu

xf.kr

ekWM~;wy - VIII

dyu

fVIi.kh

� iQyuksa dk ;ksx vFkok vUrj fu;e %

( ) ( ) ( ) ( )d d d
f x g x f x g x

dx dx dx
± = ±          

iQyuksa ds ;ksx vFkok vUrj dk vodyt muds vodytksa ds Øe'k% ;ksx vFkok vUrj
ds cjkcj gksrk gSA

� xq.ku fu;e %

( ) ( ) ( ) ( ) ( ) ( )d d d
f x g x f x g x g x f x

dx dx dx
= +  

(igyk iQyu) (nwljs iQyu dk vodyt)$  (nwljk iQyu) (igys iQyu dk vodyt)

� HkkxiQy fu;e %

;fn ( ) ( )
( )

( )
f x

x , g x 0,
g x

φ = ≠  rks

    ( ) ( ) ( ) ( ) ( )

( ) 2

g x f ' x f x g ' x
' x

g x

−
φ =

  

( ) ( )

( )2

d d

dx dx

   −   
   =

gj v'a k v'a k gj

gj

� Ja[kyk fu;e % { }d d
f g(x) f '[g(x)] [g(x)]

dx dx
  = ⋅ 

 f(x) dk  g(x) ds lkis{k vodyt ×  g(x) dk x ds lkis{k vodyt

� y dk x ds lkis{k] f}rh; dksfV dk vodyt] 
2

2

d dy d y

dx dx dx

 
= 

 
 gSA

� http://www.bbc.co.uk/education/asguru/maths/12methods/03differentiation/

index.shtml

� https://www.youtube.com/watch?v=MGOFPFLTHLg

� https://www.youtube.com/watch?v=IrBWXoJ9NMQ

� https://www.youtube.com/watch?v=rsrMQ5osWfc

� https://www.youtube.com/watch?v=CzGGtJnbd1A

� https://www.youtube.com/watch?v=Dx4GuHH4lTI

� https://www.youtube.com/watch?v=nVfWs10A_b8

� https://www.youtube.com/watch?v=j5pVhP8GmP4

1. ,d dkj }kjk t lsds.M esa r; dh xbZ nwjh s eh 2s t=  }kjk nh x;h gS] Kkr dhft, %
(a) nwjh dk le; ds lkis{k ifjorZu nj (b) dkj dh xfr tc t = 3 lsds.M

lgk;d osclkbV

vkb, vH;kl djsa
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vodyu

ekWM~;wy - VIII

dyu

fVIi.kh

2. fn;k gS % 2f (t) 3 4t= − A MsYVk fof/ ds iz;ksx ls f '(t)  rFkk 
1

f '
3

 
 
 

 Kkr dhft,A

3. 4f (x) x=  dk izFke fl¼kUr }kjk vodyu dhft,A vr,o 1
f '(0),f '

2

 
− 
 

 Kkr dhft,A

4. iQyu 2x 1+  dk izFke fl¼kUr ls vodyt Kkr dhft,
5. fuEufyf[kr esa ls izR;sd iQyu dk izFke fl¼kUr ls vodyt Kkr dhft, %

(a) ax + b, (b) 
22x 5+

(c) 3 2x 3x 5+ + (d)
2(x 1)−    )

6. fuEufyf[kr esa ls izR;sd iQyu dk vodyt Kkr dhft, %

(a) 4 2f (x) px qx 7x 11= + + − (b) 3 2f (x) x 3x 5x 8= − + −

(c)
1

f (x) x
x

= + (d) 
2x a

f (x) ,a 2
a 2

−
= ≠

−

7. fuEufyf[kr esa ls izR;sd iQyu dk nks fof/;ksa ls vodyt Kkr dhft,& igys xq.ku fu;e
}kjk rFkk fiQj xq.ku dks [kksydjA lR;kfir dhft, fd nksuksa mÙkj ,d gh gSa %

(a) 
1

y x 1
x

 
= + 

 
(b)     

3

2
1

y x 2 5x
x

 = + + 
 

8. fuEufyf[kr esa ls izR;sd iQyu dk vodyt Kkr dhft, %

(a) 2

x
f (x)

x 1
=

−
(b)

2 3

3 10
f (x)

(x 1) x
= +

−

(c)
4

1
f (x)

(1 x )
=

+
(d)

(x 1)(x 2)
f (x)

x

+ −
=

(e)
23x 4x 5

f (x)
x

+ −
= (f)

x 4
f (x)

2 x

−
=

(g)
3

2

(x 1)(x 2)
f (x)

x

+ −
=

9. J[kayk fu;e ds mi;ksx ls] fuEufyf[kr esa ls izR;sd iQyu dk vodyt Kkr dhft, %

(a)

2
1

x
x

 
+ 

 
(b)

1 x

1 x

+

−
(c) 2 23 x (x 3)+

10. fuEufyf[kr esa ls izR;sd ds fy, f}rh; dksfV dk vodyt Kkr dhft, %

(a) x 1+ (b) x x 1⋅ −

ns[ksa vkius fdruk lh[kk 26.1

1. (a) 3 (b)  8 (c) 6 (d)  31

mÙkjekyk
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 vodyu

xf.kr

ekWM~;wy - VIII

dyu

fVIi.kh

2. 3640 eh@lsds.M 3.   21 eh@lsds.M

ns[ksa vkius fdruk lh[kk 26.2

1. (a) 10 (b) 2 (c) 6x (d) 2x+5 (e) 221x

2. (a) 2

1

x
− (b) 2

1

ax
− (c) 2

1
1

x
− (d) 2

a

(ax b)

−

+
(e) 2

ad bc

(cx d)

−

+

(f)    2

1

(3x 5)
−

+

3. (a) 
1

2x x
− (b)

a

2(ax b)( ax b)

−

+ + (c) 
1 1

1
x2 x

 − 
 

(d) 2

2

(1 x)−

4. (a)
3 3

;
2 x 2 2

(b) 2 r ; 4π π (c)  22 r ; 36π π

ns[ksa vkius fdruk lh[kk 26.3
1. (a) 0 (b) 12 (c)  12

2. (a) 8180x 5+ (b) 3200x 40x− − (c) 212x 12x−

(d) 85x 3+ (e) 23x 6x 3− + (f) 7 5 3x x x− +

(g) 

1 9

33 54 4
x x 6x

15 5

− −
−+ − (h) 

3

2

1 1

2 x
2x

+

3. (a) 16,   16,    16 (b) 3,1 ,1 (c) 186

(d) 24 r ,16π π

ns[ksa vkius fdruk lh[kk 26.4

1. (a)12x 19− (b) 6x 5− − (c) 4x 11−

(d) 2x 3− (e) 3 28x 9x 16x+ +  (f) 230x 2x 19+ −

(g) 4 3 25x 16x 15x 4x 8− + − +

 2. (a) 3 24 r 3( 1)r 2r− π + π − + (b) 23x 12x 11− +

(c) 8 7 6 5 4 3 29x 28x 14x 12x 5x 44x 6x 4x− + − − + − +

(d) 2 2 2(5x 1)(3x 9x 8).6x 5(3x 7)(3x 9x 8)− + + + + + + 2(3x 7)(5x 1)(6x 9)+ + − +
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ekWM~;wy - VIII

dyu
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ns[ksa vkius fdruk lh[kk 26.5

1. (a) 2

10

(5x 7)

−

−
(b)

2

2 2

3x 4x 1

(x x 1)

− + −

+ +
(c) 2 2

4x

(x 1)+

(d)

5 3

2 2

2x 12x

(x 3)

−

−
(e)

4

7

2x 12

x

− +
(f)

2

2 2

1 x

(x x 1)

−

+ +
(g) 

3

3 2

4 5x

2 x (x 4)

−

+

2. (a) 

3 2

2

2x 6x 6

(x 2)

− −

−
(b)

2

2 2

4x 20x 22

(x 3) (x 4)

− + −

− −

ns[ksa vkius fdruk lh[kk 26.6

1. (a) 635(5x 6)− (b) 2 34210x(3x 15)−

(c) 2 1634x(1 x )− − (d)
45

(3 x)
7

−
−

(e) 2 2(2x 3)(x 3x 1)−− + + + (f) ( )
2

2 3
10x

x 1
3

+

(g) 2 3/ 23x(7 3x )−− (h)

4
6 4

5 3 x x 1
5(x 2x )

6 2 16

 
+ + + 

 
 

(i) 2 54(4x 5)(2x 5x 3)−− + + − (j) 2

x
1

x 8

+
+

2. (a) 

2

2 2

5(1 x )

(1 2x x )

− +

+ −
(b) 

x

2a

ns[ksa vkius fdruk lh[kk 26.7

1. (a) 6x (b) 212x 18x 18+ + (c) 3

4

(x 1)+
(d) 2 3/ 2

1

(1 x )+

vkb, vH;kl djsa
1. (a) 2 t (b) 6 lsds.M

2
8

8t,
3

− − 3.
1

0,
2

−
4.

1

2x 1+

5. (a) a  (b) 4x (c) 23x 6x+ (d) 2(x 1)−

6. (a) 34px 2qx 7+ + (b) 23x 6x 5− +

(c) 
2

1
1

x
− (d) 

2x

a 2−

7. (a) 
1

2 x
(b) 

25 1
3 x x x

2 2 x
+ +
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8. (a) 

2

2 2

(x 1)

(x 1)

− +

−
(b) 3 4

6 30

(x 1) x

−
−

−

(c) 

3

4 2

4x

(1 x )

−

+
(d) 3/ 2

3 1 1
x

2 2 x x
− +

(e) 
2

5
3

x
+ (f) 

1 1

4 x x x
+

(g) 2

2 3

1 4
3x 2

x x
− − +

9. (a) 
2

1
1

x
− (b) 3

2

1

1 x (1 x)+ ⋅ −

(c) 
3

2

4 2 3

4x 6x

3(x 3x )

+

+

10. (a) 3

2

1

4(x 1)

−

+

(b) 
2

1

2

2 x x

4(x 1)

+ −

−


