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vkO;wgvkO;wgvkO;wgvkO;wg

19oha 'krkCnh ds e/; esa ,d fczfV'k xf.krK vkWFkZj dSys (1821–1895) us xf.kr dks ,d ubZ foèkk]
ftls vkO;wg (Matrices) dgk x;k] dks tUe fn;kA mlus ;qxir lehdj.kksa ds fudk;ksa dks
fu#fir djus esa vkO;wg dk mi;ksx fd;kA vkt vkO;wg ds fl)kUr xf.kr dk ,d egÙoiw.kZ vax
cu pqds gSaA [ksy&fl)kUr] O;; fu/kkZj.k] miksRiknu ds ctV cukus] vkfn esa vkO;wg mi;ksx esa
yk, tkrs gSaA vFkZ'kkL=h mudk mi;ksx lkekftd ys[kk fof/k] fuos'k&mRiknu lkjf.k;ksa rFkk
vUrZm|ksx vFkZ'kkL= ds v/;;u esa djrs gSaA ;qxir lehdj.k fudk;ksa ds gy djus esa vkO;wg
foLrr̀ :i ls mi;ksx esa yk;s tkrs gSaA jSf[kd izksxzkeu dk vk/kkj vkO;wg chtxf.kr esa gh gSA
vkO;wg ds vuqiz;ksx dsoy xf.kr esa gh ugha] cfYd vU; fo"k;ksa tSls HkkSfrd 'kkL=] jlk;u 'kkL=]
bUthfu;fjax] jSf[kd izksxzkeu] vkfn esa Hkh Hkjiwj feyrs gSaA

bl ikB esa ge vkO;wg ds fofHkUu izdkjksa rFkk vkO;wg ij chth; lafØ;kvksa ds fo"k; esa foLrkj
ls ppkZ djsaxsA

    mís'; mís'; mís'; mís';

bl ikB ds v/;;u ds ckn vki fuEufyf[kr esa leFkZ gks tk,axs%
• vkO;wg dks ifjHkkf"kr djuk] mldk Øe crkuk rFkk mnkgj.k nsuk

• fofHkUu izdkj ds vkO;wg&tSls oxZ vkO;wg] vk;rkdkj] bdkbZ] 'kwU;] fod.kZ] iafDr] LraHk dks
ifjHkkf"kr djuk rFkk muds mnkgj.k nsuk

• nks vkO;wgksa ds leku gksus dk izfrcU/k crkuk

• ,d vkO;wg dk ifjorZ ifjHkkf"kr djuk

• lefer rFkk fo"ke lefer vkO;wgksa dks ifjHkkf"kr djuk rFkk mnkgj.k nsuk

• ,d gh Øe okys nks vkO;wgksa ds ;ksx rFkk vUrj Kkr djuk

• ,d vkO;wg dks vfn'k ls xq.kk djuk

• nks vkO;wgksa ds xq.ku ds fy, vko';d izfrcU/k crkuk

• tgka laHko gks] nks vkO;wgksa dks xq.kk djuk

• izkjafHkd lafØ;kvksa dk iz;ksx djuk

• izkjafHkd lafØ;kvksa dk iz;ksx dj vkO;wg dk izfrykse Kkr djuk
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 iwoZ Kku iwoZ Kku iwoZ Kku iwoZ Kku

• la[;k fudk; dk Kku
• jSf[kd lehdj.kksa ds fudk; dk gy

 20.1  vkO;wg rFkk mudk fu:i.kvkO;wg rFkk mudk fu:i.kvkO;wg rFkk mudk fu:i.kvkO;wg rFkk mudk fu:i.k

eku yhft, fd ge ;g vfHkO;Dr djuk pkgrs gSa fd vfuy ds ikl 6 isafly gSaA ge bls [6]

;k (6) fy[kdj] bl le> ds lkFk fd [ ] vFkok ( ) ds vUnj fy[kh gqbZ la[;k vfuy ds ikl gksus
okyh isaflyksa dh la[;k dks n'kkZrh gS] vfHkO;Dr dj ldrs gSaA vxyh ckj eku yhft, fd ge
;g vfHkO;Dr djuk pkgrs gSa fd vfuy ds ikl 2 iqLrd rFkk 5 isafly gSaA ge bls [2, 5]

fy[kdj] bl le> ds lkFk fd [ ] ds vUnj izFke izfof"V vfuy ds ikl iqLrdksa dh la[;k dks
n'kkZrh gS] tcfd nwljh izfof"V isaflyksa dh la[;k crkrh gSa] izdV dj ldrs gSaA

vkb,] vc] nks fe=ksa ';ke rFkk bjQku dh fLFkfr ij fopkj djsaA ';ke ds ikl 2 iqLrdsa] 4 dkfi;ka
rFkk 2 iSu gSa( rFkk bjQku ds ikl 3 iqLrdsa] 5 dkfi;ka rFkk 3 iSu gSaA

bl tkudkjh dks izLrqr djus dk ,d lqfo/kktud <ax bls uhps nh x;h lkj.kh ds :i esa fy[kuk gSA

                     iqLrd                 dkfi;ka       iSu

';ke                   2 4 2

bjQku              3 5 3

bls ge la{ksi esa uhps nh x;h fof/k ls fy[k ldrs gSa%

                   izFke LraHk         f}rh; LraHk  rr̀h; LraHk

                              ↓                              ↓                            ↓

izFke iafDr  2 4 2

f}rh; iafDr 3 5 3

mijksDr fu:i.k fuEufyf[kr tkudkjh iznku djrk gS%

(1) izFke rFkk f}rh; iafDr;ksa esa izfof"V;ka Øe'k% ';ke rFkk bjQku ds ikl oLrqvksa dh la[;k
¼iqLrd] dkfi;k¡] iSu½ n'kkZrh gSA

(2) izFke] f}rh; rFkk rr̀h; LraHkksa esa izfof"V;ka Øe'k% iqLrdksa] dkfi;ksa rFkk iSuksa dh la[;k
n'kkZrh gSaA

bl izdkj] izFke iafDr rFkk rr̀h; LraHk esa izfof"V ';ke ds ikl iSuksa dh la[;k dks n'kkZrh
gSA mi;qZDr izn'kZu esa izR;sd izfof"V dh blh <ax ls O;k[;k dh tk ldrh gSA

mi;qZDr tkudkjh dks bl izdkj Hkh fu:fir fd;k tk ldrk gS%

L
NM

O
QP
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';ke bjQku

iqLrd 2 3

dkfi;ka 4 5

iSu 2 3

bl dks rhu iafDr;ksa rFkk nks LraHkksa esa fuEu izdkj ls iznf'kZr fd;k tk ldrk gS%

2 3

4 5

2 3

L

N
M
M
M

O

Q
P
P
P

Åij fn[kk;h x;h O;oLFkk dks vkO;wg dgk tkrk gSA izk;% vkO;wg dks ge vaxzsth o.kZekyk ds
,d cM+s v{kj ;Fkk A, B, X vkfn ls fufnZ"V djrs gSaA bl izdkj Åij nh x;h tkudkjh dks
,d vkO;wg ds :i esa fu:fir djus ds fy, ge fy[krs gSa%

2 3

4 5

2 3

A

 
 =  
  

 vFkok    

2 3

4 5

2 3

F

H
G
G
I

K
J
J

fVIi.kh%fVIi.kh%fVIi.kh%fVIi.kh%    vkO;wg dk ogqopu Hkh vkO;wg gSA

20.1.1 vkO;wg dh vkO;wg dh vkO;wg dh vkO;wg dh dksfV ¼ØedksfV ¼ØedksfV ¼ØedksfV ¼Øe½½½½

fuEufyf[kr vkO;wgksa ¼la[;kvksa dh O;oLFkk½ dks /;kuiwoZd nsf[k,A

  (a) 
2 1

3 4
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QP   (b)   

1

1

1 1

i

i i

i

+

+
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      (c)          

1 0 1 2

2 3 4 5

4 1 2 0

− −

− −

L

N
M
M
M

O

Q
P
P
P

vkO;wg (a) esa nks iafDr;ka rFkk nks LraHk gaSA bls 2 −2 vkO;wg vFkok 2 × 2 dksfV okyk vkO;wg dgk
tkrk gSA bls 2 × 2 vkO;wg fy[kk tkrk gSA vkO;wg (b) esa rhu iafDr;ka rFkk nks LraHk gSaA ;g ,d
3 −2 vkO;wg vFkok 3 × 2 dksfV okyk vkO;wg gSA bls 3 × 2 vkO;wg fy[kk tkrk gSA vkO;wg
(c) 3 × 4 dksfV okyk vkO;wg gSA

/;ku nhft, fd ,d vkO;wg essa fdruh Hkh iafDr;ka rFkk fdrus Hkh LraHk gks ldrs gSaA ;fn vkO;wg
A esa m iafdr;ka rFkk n LraHk gSa] rks bl dh dksfV m × n gksxh rFkk bls m × n vkO;wg i<+k tk;sxkA

nks izO;;ksa ¼vuqwyXuksa½ i rFkk j dk mi;ksx ,d vkO;wg ds fdlh fo'ks"k vo;o dk voyksdu djus esa
lgk;d gkssrk gSA mi;qZDr m × n vkO;wg esa voFko a

ij
 , i oha iafDr rFkk j os LraHk esa vkrk gSA

11 12 13 1 1

21 22 23 2 2

31 32 33 3 3

1 2 3

1 2 3

j n

j n

j n

i i i ij in

m m m mj mn

a a a a a

a a a a a

A a a a a a

a a a a a

a a a a a

 
 
 
 =  
 
 
  

L L

L L

L L

L L

L L
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m ×  n Øe okys ,d vkO;wg dks fuEufyf[kr :i esa Hkh fy[kk tk ldrk gS%

                      A = [a
ij
], i = 1, 2, ..., m; rFkk j = 1, 2, ..., n

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 20.1.     fuEufyf[kr vkO;wgksa esa ls izR;sd dh dksfV fyf[k,%

(i)    
2 3

4 5

L
NM
O
QP   (ii)

3

4

7
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 (iii) 2 3 7  (iv)
1 2 3

4 8 10

L
NM

O
QP

 gy% gy% gy% gy% vkO;wg
(i)   dh dksfV 2 ×  2 gSA
(ii)  dh dksfV 3 ×  1 gSA
(iii) dh dksfV  1 ×  3 gSA
(iv) dh dksfV  2 ×  3 gSA

 mnkgj.k  mnkgj.k  mnkgj.k  mnkgj.k 20.2.    vkO;wg A =

L

N
M
M
M

O

Q
P
P
P

2 0 1 4

0 3 2 5

3 2 3 6

 ds fy,

(i) A dh dksfV Kkr dhft,A

(ii) A ds dqy vo;oksa dh la[;k fyf[k,A

(iii) A ds vo;o a
23

, a
32

, a
14

 rFkk a
34

 fyf[k,A

(iv) A esa izR;sd vo;o '3'  dks a
ij
. ds :i esa fyf[k,A

 gy% gy% gy% gy% (i)   D;ksafd A esa 3 iafDr;ka rFkk 4 LraHk gSa] bl fy, A dh dksfV 3 ×  4 gSA
(ii)   A esa dqy vo;oksa dh la[;k = 3 ×  4 = 12

(iii)   a a a
23 32 14

2 2 4= = =; ;  rFkk a
34

6=

(iv)  a a
22 31

,  rFkk a
33

 mnkgj.k  mnkgj.k  mnkgj.k  mnkgj.k 20.3.    ;fn ,d  2 ×  3 vkO;wg  A dh i oha iafDr rFkk j osa LraHk dk vo;o 
2

2

i j+

gks] rks vkO;wg A fyf[k,A

 gy% gy% gy% gy% ;gka  a
i j

ij
=

+ 2

2
(fn;k gS)

11 12 13

21 22 23

1 2 1 3 1 2 2 5 1 2 3 7
; ;

2 2 2 2 2 2

2 2 1 2 2 2 2 2 3
2; 3; 4

2 2 2

a a a

a a a

+ × + × + ×
= = = = = =

+ × + × + ×
= = = = = =
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        bl izdkj]                     
11 12 13

21 22 23

3 5 7

2 2 2

2 3 4

a a a
A

a a a

 
   = =    

 

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 20.4.    nks LVksj A rFkk B gSaA LVksj A esa 120 dehtsa] 100 iSaVsa rFkk 50 dkfMZxu
gSa( rFkk LVksj B esa 200 dehtsa] 150 iSaVsa rFkk 100 dkfMZxu gSaA bl tkudkjh
dks nks fHkUu rjhdksa ls lkj.kh :i esa rFkk vkO;wg :i esa Hkh O;Dr dhft,A

 gy% gy% gy% gy% lkj.kh :ilkj.kh :ilkj.kh :ilkj.kh :i 1           vkO;wg :i          vkO;wg :i          vkO;wg :i          vkO;wg :i

                  dehtsa      iSaVsa dkfMZxu

LVksj A 120 100  50

LVksj B 200 150 100

   lkj.kh :ilkj.kh :ilkj.kh :ilkj.kh :i 2   vkO;wg :i  vkO;wg :i  vkO;wg :i  vkO;wg :i

LVksjLVksjLVksjLVksj A LVksjLVksjLVksjLVksj B

dehtsa 120 200

iSaVsa 100 150

dkfMZxu 50 100

   ns[ksa vkius fdruk lh[kk 20-1

1. rhu ijh{kkvksa eas nks fo|kfFkZ;ksa A rFkk B }kjk
izkIr fd;s x;s vad lkFk okyh lkj.kh esa fn, x,
gSaA bl tkudkjh dks nks fHkUu rjhdksa esa vkO;wg
ds :i esa iznf'kZr dhft,A

2. rhu QeZ  X, Y, Z fdlh Bsdsnkj dks Øe'k%
iRFkjksa ds 40, 35 rFkk 25 Vªd rFkk jsr ds  10, 5 rFkk 8 Vªdksa dh vkiwfrZ djrh gSaA nks
rjhdksa ls bl tkudkjh dks vkO;wg ds :i esa iznf'kZr dhft,A

3. ,d ifjokj  P esa 4 iq#"k] 6 efgyk,a rFkk 3 cPps( rFkk ifjokj  Q, esa 4 iq#"k]  3 efgyk,a
rFkk  5 cPps gSaA bl tkudkjh dks ,d 2 × 3 Øe okys vkO;wg }kjk iznf'kZr dhft,A

4. fdlh

(a)    2 ×  3 vkO;wg   (b)    3 ×  4 vkO;wg   (c)    4 ×  2 vkO;wg

(d)    6 ×  2 vkO;wg   (e)    a ×  b vkO;wg   (f)    m ×  n vkO;wg

esa fdrus&fdrus vo;o gSa\

5. fdlh vkO;wg ds dkSu&dkSu ls laHko  Øe gksaxs ;fn blds dqy vo;oksa dks la[;k

(a) 8 (b) 5 (c) 12 (d) 16 gks\

   ijh{kk 1 ijh{kk 2 ijh{kk 3

A  56 65 71

B  29 37 57

⇒

L

N
M
M
M

O

Q
P
P
P

120 200

100 150

50 100

120 100 50

200 150 100

 
⇒  

 
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6. vkO;wg A esa  A =
−

L

N

M
M
M
M

O

Q

P
P
P
P

5 1 8 0 5

7 6 7 4 6

3 9 3 3 9

4 4 8 5 1

  Kkr dhft;s%

(a)  iafDr;ksa dh la[;k (b) LraHkksa dh la[;k

(c)  vkO;wg A dh dksfV (d) vkO;wg  A ds dqy vo;oksa dh la[;k

(e)  vo;o a a a a
14 23 34 45

, , , rFkk a
33
A

7. ,d ,slk 3 ×  3 dksfV okyk vkO;wg cukb, ftldh  ioha iafDr rFkk  josa LraHk dk laxr
vo;o gS%

(a) i – j (b) 
i

j

2

(c) 
( )i j+ 2

2

2

(d) 3 2j i−

8. ,d ,slk 3 2×  dksfV okyk vkO;wg cukb, ftldh  ioha iafDr rFkk  josa LraHk dk laxr
vo;o gS%
(a) i j+ 3 (b) 5. . .i j (c) i

j (d) i j+ − 2

 20.2 vkO;wgksa ds izdkjvkO;wgksa ds izdkjvkO;wgksa ds izdkjvkO;wgksa ds izdkj

iafDr vkO;wg%iafDr vkO;wg%iafDr vkO;wg%iafDr vkO;wg%    ,d vkO;wg] ftl esa dsoy ,d iafDr gks] iafDr vkO;wg dgykrk gSA blesa fdrus

Hkh LraHk gks ldrs gSa] tSls fd vkO;wg  [ ]1 6 0 1 2  ,d iafDr vkO;wg gSA iafDr vkO;wg dh

dksfV 1 × n gksrh gSA

LraHk vkO;wg%LraHk vkO;wg%LraHk vkO;wg%LraHk vkO;wg% ,d vkO;wg dks LraHk vkO;wg dgk tkrk gS ;fn blesa dsoy ,d LraHk gks] fdUrq

blesa fdruh Hkh iafDr;ka gks ldrh gSa] ;Fkk vkO;wg  
2

3

0

7

L

N

M
M
M
M

O

Q

P
P
P
P

 ,d LraHk vkO;wg gSA

,d LraHk vkO;wg dh dksfV m ×  1 gksrh gSA

oxZ vkO;wg%oxZ vkO;wg%oxZ vkO;wg%oxZ vkO;wg% ,d vkO;wg] ftlesa iafDr;ksa dh la[;k mlds LraHkksa dh la[;k ds cjkcj gks] dks
oxZ vkO;wg dgk tkrk gS] tSls fd vkO;wg

                  1 2 3

0 6 1

3 4 2

L

N
M
M
M

O

Q
P
P
P

esa 3 iafDr;ka rFkk 3 LraHk gSa] blfy, ;g ,d oxZ vkO;wg gSA ,d oxZ vkO;wg dh dksfV n ×  n

vFkok dsoy n gksrh gSA ,d oxZ vkO;wg dk fod.kZ] tks pksVh ds lcls ck;sa vo;o ls vkjaHk gksdj
mldh ryh ds lcls nk;sa vo;o ij lekIr gksrk gS] vkO;wg dk eq[; fod.kZ dgk tkrk gSA
vkO;wg

                   

2 3 5

4 1 7

3 8 9

L

N
M
M
M

O

Q
P
P
P

   ds eq[; fod.kZ ds vo;o 2, 1 rFkk 9 gSaA
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fVIi.kh% fVIi.kh% fVIi.kh% fVIi.kh%  ,d fn;s gq, m ×  n  Øe okys vkO;wg  A = [a
ij
]  esa eq[; fod.kZ ds vo;o

a a a a
nn11 22 33

, , ,...,  gSaA

vk;rkdkj vkO;wg%vk;rkdkj vkO;wg%vk;rkdkj vkO;wg%vk;rkdkj vkO;wg% ,d vkO;wg] ftl esa mldh iafDr;ksa dh la[;k mlds LraHkksa dh la[;k ds
cjkcj u gks] dks ,d vk;rkdkj vkO;wg dgk tkrk gS] tSls fd vkO;wg

2 3 4 5

1 2 3 0

1 2 1 3−

L

N
M
M
M

O

Q
P
P
P

ftlesa 3  iafDr;k¡ rFkk 4  LraHk gSa] ,d vk;rkdkj vkO;wg gSA

bl ckr dks uksV dj yhft, fd Øe 1 1× ≠n n( )   okyk iafDr vkO;wg rFkk Øe m m× ≠1 1( )

okyk LraHk vkO;wg nksuksa gh vk;rkdkj vkO;wg gSaA

'kwU; vkO;wg%'kwU; vkO;wg%'kwU; vkO;wg%'kwU; vkO;wg% ,d vkO;wg] ftldk izR;sd vo;o 'kwU; gks] dks 'kwU; vkO;wg dgrs gsaA mnkgj.kkFkZ]

vkO;wgksa esa ls izR;sd ,d 'kwU; vkO;wg gSA 'kwU; vkO;wg dks O }kjk fufnZ"V fd;k tkrk gSA

fVIi.kh% fVIi.kh% fVIi.kh% fVIi.kh% ,d 'kwU; vkO;wg fdlh Hkh Øe m ×  n dk gks ldrk gSA

fod.kZ vkO;wg%fod.kZ vkO;wg%fod.kZ vkO;wg%fod.kZ vkO;wg% ,d oxZ vkO;wg] ftlds eq[; fod.kZ dks NksM+dj 'ks"k lHkh vo;o 'kwU; gksa] dks

,d fod.kZ vkO;wg dgk tkrk gSA vFkkZr~ ;fn A a
ij

= [ ]  Øe m ×  n okyk ,d oxZ vkO;wg gS] rks

bls fod.kZ vkO;wg dgsaxs ;fn lHkh i j≠  ds fy, a
ij
 = 0 gksA

mnkgj.k ds fy,
3 0 0

0 4 0

0 0 5

7 0 0 0

0 3 0 0

0 0 1 0

0 0 0 8

L

N
M
M
M

O

Q
P
P
P

L

N

M
M
M
M

O

Q

P
P
P
P

,    fod.kZ vkO;wg gSasA

 fVIi.kh% fVIi.kh% fVIi.kh% fVIi.kh% ,d fod.kZ vkO;wg A a
ij n n

= ×[ ] dks A = fod.kZ 11 22 33[ , , ,..., ]nna a a a Hkh fy[kk tkrk gSA

vfn'k vkO;wg%vfn'k vkO;wg%vfn'k vkO;wg%vfn'k vkO;wg% ,d fod.kZ vkO;wg dks vfn'k vkO;wg dgk tkrk gS ;fn blds eq[; fod.kZ ds lHkh

vo;o fdlh 'kwU;srj vpj ;Fkk k ds cjkcj gksa tSls fd vkO;wg  
−

−

−

L

N
M
M
M

O

Q
P
P
P

3 0 0

0 3 0

0 0 3

 ,d vfn'k vkO;wg gSA

 fVIi.kh%  fVIi.kh%  fVIi.kh%  fVIi.kh% ,d oxZ 'kwU; vkO;wg ,d vfn'k vkO;wg ugha gksrkA

bdkbZ ;k rRled vkO;wg%bdkbZ ;k rRled vkO;wg%bdkbZ ;k rRled vkO;wg%bdkbZ ;k rRled vkO;wg% ,d vfn'k vkO;wg dks ,d bdkbZ vFkok rRled vkO;wg dgk
tkrk gS ;fn mlds eq[; fod.kZ dk izR;sd vo;o 1 ¼,d½ gksA bls I

n
 ls fufnZ"V fd;k tkrk gS

;fn bldk dksfV n gS] mnkgj.kkFkZ vkO;wg

1 0 0

0 1 0

0 0 1

L

N
M
M
M

O

Q
P
P
P
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dksfV 3 okyk ,d bdkbZ vkO;wg gSA

 fVIi.kh%  fVIi.kh%  fVIi.kh%  fVIi.kh% ,d oxZ vkO;wg A a
ij

= [ ] ,d bdkbZ vkO;wg gksrk gS] ;fn 
0,

1,

≠
= 

=
ij

i j
a

i j

• •

• •
 gksA

leku vkO;wg%leku vkO;wg%leku vkO;wg%leku vkO;wg% nks vkO;wg leku vkO;wg dgykrs gSa ;fn mudh dksfV leku gks rFkk muds laxr

vo;o cjkcj gksaA

;fn  A ,d m ×  n Øe okyk vkO;wg gS rFkk B,  p ×  r Øe okyk vkO;wg gS] rks  A = B gksxk ;fn

          (1)  m p n r= =; ; rFkk

          (2) a b
ij ij

= lHkh i m= 1 2 3, , ,...,  rFkk  j = 1, 2, 3, ..., n ds fy,

uhps fn;s x, nks vkO;wg  X rFkk Y leku ugha gSa D;ksafd muds Øe fHkUu gSa tks Øe'k% 2

× 3 rFkk 3 ×  2 gSaA

X Y=
L
NM

O
QP

=

L

N
M
M
M

O

Q
P
P
P

7 1 3

2 1 5

7 2

1 1

3 5

,

uhps fn, x, nks vkO;wg Hkh leku ugha gSa D;ksafd  P ds dqN vo;o Q ds laxr vo;oksa ds cjkcj
ugha gSaA

P Q=
−L
NM

O
QP

=
−L
NM

O
QP

1 3 7

0 1 2

1 3 6

0 2 1
,

 mnkgj.k  mnkgj.k  mnkgj.k  mnkgj.k 20.5.  Kkr dhft, fd fuEufyf[kr vkO;wg leku gSa vFkok ugha(

(i) A B=
L
NM
O
QP

=
L
NM
O
QP

2 1

5 6

2 5

1 6
,

(ii) P Q=
L
NM

O
QP

=

L

N
M
M
M

O

Q
P
P
P

0 1 7

2 3 5

0 1 7

2 3 5

0 0 0

,

(iii) X Y= −

L

N
M
M
M

O

Q
P
P
P

= −

L

N
M
M
M

O

Q
P
P
P

2 1 3

1 0 6

7 1 0

2 1 3

1 0 6

7 1 0

,

 gy% gy% gy% gy% (i) vkO;wg A rFkk B dk ,d gh Øe  2 ×  2 gSA fdUrq muds dqN laxr vo;o cjkcj
ugha gSaA vr,o] A ≠ B

(ii) vkO;wg P rFkk Q ds Øe fHkUu gSaA blfy, P ≠ Q

(iii) vkO;wg X rFkk Y dk ,d gh Øe 3 ×  3 gSa] rFkk muds laxr vo;o Hkh cjkcj gSaA

blfy,   X  = Y
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mnkgj.k mnkgj.k mnkgj.k mnkgj.k 20.6.    x rFkk y ds eku fu/kkZfjr dhft,] ;fn

(i) x 5 2 5= (ii)
x

y3

4L
NM
O
QP

=
L
NM
O
QP (iii)       

x

y

2

3

1 2

3 5−

L
NM
O
QP

=
L
NM
O
QP

gy%gy%gy%gy% D;ksafd nks vkO;wg leku gSa] muds laxr vo;o cjkcj gksus pkfg;saA
(i) x = 2

(ii) x = 4,   y = 3

(iii)  x = 1,  y = –5

mnkgj.k mnkgj.k mnkgj.k mnkgj.k 20.7.   a, b, c, d, ds fdu ekuksa ds fy, uhps fn, x, vkO;wg leku gksaxs\

(i) A
a b

d
B

c
=

−L
NM

O
QP

=
−L

NM
O
QP

2 2

6 3

1 2 4

6 5 2
,

(ii) P

a b d

b

a c

Q=

−

−

+

L

N
M
M
M

O

Q
P
P
P

= −

L

N
M
M
M

O

Q
P
P
P

2

3 2

7

5 1

3 6

4 7

,

gy%gy%gy%gy% (i)  fn;s x;s vkO;wg A rFkk B leku gksaxs] dsoy ;fn muds laxr vo;o cjkcj gksa] vFkkZr~
;fn

a b c= = =1 2 4 3 5, , , rFkk  d =2gksA

      ⇒ = = =a b c1 2
3

5
, , rFkk d = 2  gksA

bl izdkj a b c= = =1 2
3

5
, , rFkk d = 2  ds fy, vkO;wg  A rFkk B leku gksaxsA

(ii)  fn;s x;s vkO;wg  P rFkk Q leku gksaxs] ;fn muds laxr vo;o cjkcj gksa] vFkkZr~ ;fn

a b d b= − = =5 2 1 2 6, ,  rFkk a c+ = 4

        ⇒ = = = −a b c5 3 1, ,  rFkk d = 1

bl izdkj a b c= = = −5 3 1, ,  rFkk d = 1,  ds fy, P rFkk Q leku gksaxsA

  ns[ksa vkius fdruk lh[kk 20-2

1. fuEufyf[kr vkO;wgksa esa ls dkSu&dkSu ls vkO;wg

(a) iafDr vkO;wg gSa\ (b) LraHk vkO;wg gSa\ (c) oxZ vkO;wg gSa\ (d) fod.kZ vkO;wg gSa\
(e) vfn'k vkO;wg gSa\  (f) leku vkO;wg gSa\ (g) 'kwU; vkO;wg gSa\
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A B C=

L

N
M
M
M

O

Q
P
P
P

=

L

N

M
M
M
M

O

Q

P
P
P
P

=
L
NM

O
QP

4 0 0

0 5 0

0 0 6

2

7

8

0

0 0 0

0 0 0
, ,

;  
D =
L
NM
O
QP

2

0

  0

  2
, E =

L

N
M
M
M

O

Q
P
P
P

1

3

1

   2   4

   9   8

   0   2 

,

F =

L

N
M
M
M

O

Q
P
P
P

1 0 0

0 1 0

0 0 1

      

      

      

G H I= =
L
NM

O
QP

=

−

−

L

N
M
M
M

O

Q
P
P
P

3 4 10 8
2 3 7

1 4 9

2 1

3 2

1 0

, ,

2. a, b, c rFkk d ds eku Kkr dhft,] ;fn

(a)
b c

b d c a

2

2

10 12

8 2+ −

L
NM

O
QP

=
L
NM

O
QP     (b)    

a

b

c

d

+

+

L
NM

O
QP

=
L
NM
O
QP

2 4

3 25

4 2

6 5

(c)
2

4 6

3 2

3

a b

d c−

L
NM
O
QP

=
−L

NM
O
QP

3. D;k ,d 1 ×  2 Øe okyk vkO;wg Øe 2 ×  1 okys vkO;wg ds leku gks ldrk gS\

4. D;k ,d Øe 2 ×  3 okyk vkO;wg Øe 3 ×  3 okys vkO;wg ds leku gks ldrk gS\

 20.3  ,d vkO;wg dk ifjorZ,d vkO;wg dk ifjorZ,d vkO;wg dk ifjorZ,d vkO;wg dk ifjorZ

izR;sd fn;s gq, vkO;wg dk ,d lg;ksxh vkO;wg gksrk gS ftls mldk ifjorZ dgrs gSaA ,d fn;s
gq, vkO;wg A dk ifjorZ bldh iafDr;ksa rFkk LraHkksa dks ijLij cnyus ls izkIr gksrk gS rFkk

bl ′A  }kjk fufnZ"V fd;k tkrk gSA mnkgj.kkFkZ] ;fn

A =

−L

N
M
M
M

O

Q
P
P
P

1 2 3

4 0 3

7 6 1

,  rc ′ =

−

L

N
M
M
M

O

Q
P
P
P

A

1 4 7

2 0 6

3 3 1

lk/kkj.kr%] ;fn  A = [a
ij
] ,d  m ×  n vkO;wg gS] rks A  dk ifjorZ ,A′  n ×  m vkO;wg gksxk rFkk

A dk (a
ij
) ok¡ vo;o  ′A ds (a

ji
) osa vo;o ds cjkcj gksxkA

20.3.1 lefer vkO;wglefer vkO;wglefer vkO;wglefer vkO;wg   ,d oxZ vkO;wg ,d lefer vkO;wg dgykrk gS ;fn A A′ =
gksA

mnkgj.kkFkZ]

;fn  

2 3 1

3 4 2

1 2 5

i i

A i i

i i

− 
 =  
 − 

 ,rks  ′ =

−

−

L

N
M
M
M

O

Q
P
P
P

A

i i

i i

i i

2 3 1

3 4 2

1 2 5

D;ksafd  ′ =A A ,  rks A ,d lefer vkO;wg gSA
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 fVIi.kh% fVIi.kh% fVIi.kh% fVIi.kh% (1)  ,d lefer vkO;wg A = [a
ij
]

n ×   n 
, esa] lHkh i rFkk  j ds fy, a

ij
 = a

ji  
 gksxkA

(2)  ,d vk;rkdkj vkO;wg dHkh lefer ugha gks ldrkA

20.3.2 fo"ke lefer vkO;wgfo"ke lefer vkO;wgfo"ke lefer vkO;wgfo"ke lefer vkO;wg

,d oxZ vkO;wg A dks fo"ke lefer vkO;wg dgk tkrk gS ;fn ′ = −A A,vFkkZr~ lHkh i rFkk
j ds fy, a

ij 
= –a

ji
 gksA

mnkgj.kkFkZ] ;fn A

c d

c f

d f

= −

− −

L

N
M
M
M

O

Q
P
P
P

0

0

0

 gS] rks  ′ =

− −

−

L

N
M
M
M

O

Q
P
P
P

A

c d

c f

d f

0

0

0

fdUrq − =

− −

−

L

N
M
M
M

O

Q
P
P
P

A

c d

c f

d f

0

0

0

, tks  ′A  ds leku gS vFkkZr ′A = –A

v,ro] A ,d fo"ke lefer vkO;wg gSA

 fVIi.kh% fVIi.kh% fVIi.kh% fVIi.kh% ,d fo"ke lefer vkO;wg ij n n
A a

×
 =   esa  i = j ds fy, a

ij
= 0 gksrk gS vFkkZr~ ,d

fo"ke lefer vkO;wg ds eq[; fod.kZ esa lHkh vo;o 'kwU; gksrs gSaA

 20.4  ,d vkO;wg dk vfn'k xq.ku,d vkO;wg dk vfn'k xq.ku,d vkO;wg dk vfn'k xq.ku,d vkO;wg dk vfn'k xq.ku

vkb, fuEufyf[kr ifjfLFkfr ij fopkj djsaA

rhu fo|kfFkZ;ksa }kjk vaxzsth] fgUnh rFkk xf.kr esa izkIr fd, x, vad uhps fn, x, gSa%
vaxz sthvaxz sthvaxz sthvaxz sth fgUnhfgUnhfgUnhfgUnh xf.krxf.krxf.krxf.kr

,fytkcsFk,fytkcsFk,fytkcsFk,fytkcsFk 20 10 15

Å"kkÅ"k kÅ"k kÅ"k k 22 25 27

'kcue'kcue'kcue'kcue 17 25 21

;g Hkh fn;k gqvk gS fd izR;sd n'kk esa iw.kk±d 30 gSaA
vkO;wg ds :i esa mi;qZDr tkudkjh dks fuEufyf[kr :i esa fy[kk tk ldrk gS%

                         20 10 15

22 25 27

17 25 21

L

N
M
M
M

O

Q
P
P
P

¼;g le>k tkrk gS fd iafDr;k¡ ukeksa ds laxr rFkk LraHk fo"k;ksa ds laxr gSaA½
;fn izR;sd n'kk esa iw.kk±d dks nqxquk dj fn;k tk,] rks yM+fd;ksa }kjk izkIrkad Hkh nqxqus gks
tk;saxsA vkO;wg ds :i esa u;s vadksa dks fuEufyf[kr rjhds ls iznf'kZr fd;k tk;sxk%

2 20 2 10 2 15

2 22 2 25 2 27

2 17 2 25 2 21

× × ×

× × ×

× × ×

L

N
M
M
M

O

Q
P
P
P

tks

40 20 30

44 50 54

34 50 42

L

N
M
M
M

O

Q
P
P
P

 ds cjkcj gSA
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blfy, ge fy[krs gS fd

2

20 10 15

22 25 27

17 25 21

2 20 2 10 2 15

2 22 2 25 2 27

2 17 2 25 2 21

40 20 30

44 50 54

34 50 42

×

L

N
M
M
M

O

Q
P
P
P

=

× × ×

× × ×

× × ×

L

N
M
M
M

O

Q
P
P
P

=

L

N
M
M
M

O

Q
P
P
P

vc ,d vU; vkO;wg A = −

L

N
M
M
M

O

Q
P
P
P

3 2

2 0

1 6

 ij fopkj dhft;sA

vkb, ns[ksa fd tc ge vkO;wg A dks 5 ls xq.kk djrs gSa] rks D;k gksrk gSA

vFkkZr~    

    

  

    

        

( )   

        

     

    

       

5 5 5

3 2

2 0

1 6

5 3 5 2

5 2 5 0

5 1 5 6

15 10

10 0

5 30

× = = × − =

× ×

× − ×

× ×

= −

L

N
M
M
M

O

Q
P
P
P

L

N
M
M
M

O

Q
P
P
P

L

N
M
M
M

O

Q
P
P
P

A A

tc ,d vfn'k ls fdlh vkO;wg dks xq.kk fd;k tkrk gS] rks mlds izR;sd vo;otc ,d vfn'k ls fdlh vkO;wg dks xq.kk fd;k tkrk gS] rks mlds izR;sd vo;otc ,d vfn'k ls fdlh vkO;wg dks xq.kk fd;k tkrk gS] rks mlds izR;sd vo;otc ,d vfn'k ls fdlh vkO;wg dks xq.kk fd;k tkrk gS] rks mlds izR;sd vo;o
dks ml vfn'k ls xq.kk fd;k tkrk gSAdks ml vfn'k ls xq.kk fd;k tkrk gSAdks ml vfn'k ls xq.kk fd;k tkrk gSAdks ml vfn'k ls xq.kk fd;k tkrk gSA

mnkgj.kkFkZ

;fn  A =
−L

NM
O
QP

2 1

6 3
  gks] rks  kA

k k

k k

k k

k k
=

× × −

× ×

L
NM

O
QP

=
−L

NM
O
QP

2 1

6 3

2

6 3

( )

tc  k = –1 gksxk] rks  kA = (–1)A = 
−

− −

L
NM

O
QP

2 1

6 3
 gksxkA

blfy,  (–1)A = –A

bl izdkj] ;fn A =
−L

NM
O
QP

2 1

6 3
 gks] rks − =

−

− −

L
NM

O
QP

A
2 1

6 3
 gksxkA

mnkgj.k mnkgj.k mnkgj.k mnkgj.k 20.8. ;fn A =
−

−

L
NM

O
QP

2 3 4

1 0 1
gks , rks fuEu Kkr dhft,%

(i) 2 A (ii)
1

2
A (iii) − A (iv)

2

3
A

gy%gy%gy%gy% ;gka (i) ;gka 2 2
2 3 4

1 0 1

2 2 2 3 2 4

2 1 2 0 2 1

4 6 8

2 0 2
A = ×

−

−

L
NM

O
QP

=
× − × ×

× − × ×

L
NM

O
QP

=
−

−

L
NM

O
QP

( )

( )

(ii)       
1

2

1

2

2 3 4

1 0 1

1

2
2

1

2
3

1

2
4

1

2
1

1

2
0

1

2
1

1
3

2
2

1

2
0

1

2

A = ×
−

−

L
NM

O
QP

=
× − × ×

× − × ×

L

N

M
M
M

O

Q

P
P
P

=
−

−

L

N

M
M
M

O

Q

P
P
P

( )

( )
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(iii) − = − ×
−

−

L
NM

O
QP

=
− −

−

L
NM

O
QP

A ( )1
2 3 4

1 0 1

2 3 4

1 0 1

(iv)

2

3

2

3

2 3 4

1 0 1

4

3
2

8

3
2

3
0

2

3

A = ×
−

−

L
NM

O
QP

=
−

−

L

N

M
M
M

O

Q

P
P
P

  ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk 20.3

1. ;fn A =
L
NM
O
QP

7 2

2 3
 gks] rks Kkr dhft,%

(a) 4 A (b) − A (c)
1

2
A (d) −

3

2
A

2. ;fn A =
−L

NM
O
QP

0 1 2

3 1 4
 gks] rks Kkr dhft,A

(a) 5A (b) −3A (c)
1

3
A (d) −

1

2
A

3. ;fn 

1 0

If 4 2

0 1

A

− 
 =  
 − 

 gks] rks  (–7) A Kkr dhft,A

4. ;fn X

  3     0   1

  4 2   0

1    0   5

= −

−

L

N
M
M
M

O

Q
P
P
P

 gks] rks Kkr dhft,A

(a) 5X (b)
_

 4X (c)
1

3
X (d) −

1

2
X

5. ′A ( A dk ifjorZ) Kkr dhft,%

(a) A =
−L

NM
O
QP

2 1

4 3
(b) A =

L
NM

O
QP

4 10 9

6 8 7

(c)
A =

−

−

−

L

N
M
M
M

O

Q
P
P
P

1 2

4 1

6 9
(d)

A =

L

N
M
M
M

O

Q
P
P
P

1 0 0

0 1 0

0 0 1

6. fdlh vkO;wg]  A ds fy,] fl) dhft, fd  ( )′ ′ =A A
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7. fn[kkb, fd fuEufyf[kr vkO;wgksa esa ls izR;sd ,d lefer vkO;wg gS%

(a)
2 4

4 3

−

−

L
NM

O
QP (b)

1 1 2

1 2 3

2 3 4

−

− −

−

L

N
M
M
M

O

Q
P
P
P

(c)

a b c

b d e

c e f

L

N
M
M
M

O

Q
P
P
P

(d)

1 0 0

0 1 0

0 0 0

L

N
M
M
M

O

Q
P
P
P

8. fn[kkb, fd fuEufyf[kr vkO;wgksa esa ls izR;sd ,d fo"ke lefer vkO;wg gS%

(a)
0 3

3 0

−L
NM
O
QP (b)

0 4

0 2

4 2 0

i

i i

i

− −

− − +

L

N
M
M
M

O

Q
P
P
P

(c)

0 2 0

2 0 4

0 4 0

−

−

L

N
M
M
M

O

Q
P
P
P

(d)

0 1 7

1 0 5

7 5 0

−

− −

L

N
M
M
M

O

Q
P
P
P

 20.5  vkO;wgksa dk ;ksx vkO;wgksa dk ;ksx vkO;wgksa dk ;ksx vkO;wgksa dk ;ksx

nks Nk= A rFkk B nks ijh{kkvksa esa xf.kr] HkkSfrdh rFkk vaxzsth esa izkIr vius vadksa dh rqyuk djrs
gSaA izR;sd fo"k; ds iw.kk±d 50 gSaA muds }kjk izkIrkad uhps fn;s x, gSaA

izFke ijh{kk f}rh; ijh{kk

xf.kr HkkSfrdh vaxszth xf.kr HkkSfrdh vaxzsth

A 50 38 33 A 45 32 30

B 47 40 36 B 42 30 39

nksuksa ijh{kkvksa esa dqy feykdj izR;sd fo"k; esa muds }kjk izkIr fd, x;s vad ge dSls Kkr
djsaxs\

/;ku ls nsf[k, fd nksuksa vkO;wgksa dh la;qDr tkudkjh dks iznku djus okyk u;k vkO;wg gS%
xf.kr HkkSfrdh vaxzsth xf.kr HkkSfrdh vaxzsth

A 50+45 38+32 33+30 A 95 70 63

B 47+42 40+30 36+39 B 89 70 75

;g u;k vkO;wg fn;s gq, vkO;wgksa dk ;ksx dgykrk gSA

;fn;fn;fn;fn A rFkk rFkk rFkk rFkk B ,d gh Øe ds nks vkO;wg fn;s x;s gksa] rks mudk ;ksx ,d vkO;wg ,d gh Øe ds nks vkO;wg fn;s x;s gksa] rks mudk ;ksx ,d vkO;wg ,d gh Øe ds nks vkO;wg fn;s x;s gksa] rks mudk ;ksx ,d vkO;wg ,d gh Øe ds nks vkO;wg fn;s x;s gksa] rks mudk ;ksx ,d vkO;wg C

ftl ds Øeokj vo;o vkO;wgksa ftl ds Øeokj vo;o vkO;wgksa ftl ds Øeokj vo;o vkO;wgksa ftl ds Øeokj vo;o vkO;wgksa  A rFkkrFkkrFkkrFkk B ds laxr vo;oksa ds ;ksxQy gksa] }kjkds laxr vo;oksa ds ;ksxQy gksa] }kjkds laxr vo;oksa ds ;ksxQy gksa] }kjkds laxr vo;oksa ds ;ksxQy gksa] }kjk
ifjHkkf"kr fd;k tkrk gS rFkk bls ifjHkkf"kr fd;k tkrk gS rFkk bls ifjHkkf"kr fd;k tkrk gS rFkk bls ifjHkkf"kr fd;k tkrk gS rFkk bls C = A + B ds :i esa fy[krs gSaAds :i esa fy[krs gSaAds :i esa fy[krs gSaAds :i esa fy[krs gSaA

L
NM

O
QP

L
NM

O
QP

L
NM

O
QP

L
NM

O
QP
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 fVIi.kh% fVIi.kh% fVIi.kh% fVIi.kh% 1. vkO;wg C dk Øe Hkh ogh gksxk tks fd A rFkk B dk
2. nks fHkUu Øe okys vkO;wgksa dk ;ksx djuk laHko ugha gSA

 mnkgj.k mnkgj.k mnkgj.k mnkgj.k 20.9. ;fn  A =
L
NM
O
QP

1 3

4 2
 rFkk B =

L
NM
O
QP

5 2

1 0
 gks] rks  A + B Kkr dhft,A

 gy% gy% gy% gy% D;ksafd fn;s x, vkO;wg  A rFkk B leku Øe  2 × 2  ds gSa] ge mudk ;ksx dj
ldrs gSaA blfy,

A B+ =
+ +

+ +

L
NM

O
QP

1 5 3 2

4 1 2 0
 = 

6 5

5 2

L
NM
O
QP

 mnkgj.k  mnkgj.k  mnkgj.k  mnkgj.k 20.10. ;fn  A =
−L

NM
O
QP

0 1 1

2 3 0
 rFkk B =

L
NM

O
QP

3 0 4

1 2 1
 gks] rks A + B Kkr

dhft,A

 gy% gy% gy% gy% D;ksafd fn;s x;s vkO;wg leku Øe vFkkZr~   2 × 3 ds gaSa] ge mudk ;ksx dj
ldrs gSaA blfy,

A B+ =
+ + − +

+ + +

L
NM

O
QP

0 3 1 0 1 4

2 1 3 2 0 1
 = 

3 1 3

3 5 1

L
NM

O
QP

20.5.1 ;ksx ds xq.k;ksx ds xq.k;ksx ds xq.k;ksx ds xq.k

Lej.k dhft, fd la[;kvksa esa geus izkIr fd;k gS%

(i) x y y x+ = + ,  vFkkZr~ ;ksx Øe fofues; gSA

(ii) x y z x y z+ + = + +( ) ( ) ,vFkkZr~ ;ksx lgpkjh gSA

(iii) x x+ =0 ,  ;ksx ds rRled vo;o dk vfLrRo gSA

(iv) x x+ − =( ) 0 , vFkkZr~ ;ksT;&O;qRØe dk vfLrRo gSA

vkb,] vc [kkst djsa fd ;s xq.k vkO;wgksa esa Hkh lgh Bgjrs gSa vFkok ughaA

eku yhft, A =
−

L
NM
O
QP

1 2

1 3
 rFkk B =

−L
NM
O
QP

0 2

1 3
, rc

A B+ =
+ −

− + +

L
NM

O
QP

=
L
NM
O
QP

1 0 2 2

1 1 3 3

1 0

0 6

rFkk

B A+ =
+ − +

+ − +

L
NM

O
QP

=
L
NM
O
QP

0 1 2 2

1 1 3 3

1 0

0 6( )

ge ns[krs gSa fd  A + B rFkk B + A ,d gh vkO;wg dks fufnZ"V djrs gSaA

 ,d gh Øe okys nks vkO;wgksa ,d gh Øe okys nks vkO;wgksa ,d gh Øe okys nks vkO;wgksa ,d gh Øe okys nks vkO;wgksa A rFkkrFkkrFkkrFkk B ds fy,]ds fy,]ds fy,]ds fy,]  A + B = B + A

 vFkkZr~ vkO;wgksa dk ;ksx Øe fofues; gksrk gSA vFkkZr~ vkO;wgksa dk ;ksx Øe fofues; gksrk gSA vFkkZr~ vkO;wgksa dk ;ksx Øe fofues; gksrk gSA vFkkZr~ vkO;wgksa dk ;ksx Øe fofues; gksrk gSA
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eku yhft, A =
−

L
NM
O
QP

0 3

2 1
,  B =

−L
NM
O
QP

1 4

0 2
 rFkk C =

L
NM
O
QP

1 0

2 3
.  rc

A B C+ + =
−

L
NM
O
QP

+
+ − +

+ +

L
NM

O
QP

( )
0 3

2 1

1 1 4 0

0 2 2 3
 = 

0 3

2 1

2 4

2 5−

L
NM
O
QP

+
−L

NM
O
QP

          = 
0 2 3 4

2 2 1 5

+ + −

− + +

L
NM

O
QP

( )
 = 

2 1

0 6

−L
NM
O
QP

rFkk ( )
( )

A B C+ + =
+ + −

− + +

L
NM

O
QP

+
L
NM
O
QP

0 1 3 4

2 0 1 2

1 0

2 3
 =  

1 1

2 3

1 0

2 3

−

−

L
NM

O
QP

+
L
NM
O
QP

= 
1 1 1 0

2 2 3 3

+ − +

− + +

L
NM

O
QP  = 

2 1

0 6

−L
NM
O
QP

ge ns[krs gSa fd  A + (B + C) rFkk (A + B) + C ,d gh vkO;wg dks fufnZ"V djrs gSaA bl izdkj]
O;kid :i esa

,d gh Øe ds rhu vkO;wgksa ,d gh Øe ds rhu vkO;wgksa ,d gh Øe ds rhu vkO;wgksa ,d gh Øe ds rhu vkO;wgksa  A, B rFkkrFkkrFkkrFkk C ds fy,ds fy,ds fy,ds fy,
A + (B + C) = (A + B) + C gksrk gS vFkkZr~ vkO;wgksa dk ;ksx lgpkjh gksrk gSAgksrk gS vFkkZr~ vkO;wgksa dk ;ksx lgpkjh gksrk gSAgksrk gS vFkkZr~ vkO;wgksa dk ;ksx lgpkjh gksrk gSAgksrk gS vFkkZr~ vkO;wgksa dk ;ksx lgpkjh gksrk gSA

Lej.k dhft, fd geus 'kwU; vkO;wg ds fo"k; esa ckr dh gSA ,d 'kwU; vkO;wg og vkO;wg gS ftlds
lHkh vo;o 'kwU; gksrs gSaA ;g fdlh Hkh Øe dk gks ldrk gSA

eku yhft,]  A =
−L

NM
O
QP

2 2

4 5
 rFkk O =

L
NM
O
QP

0 0

0 0
 rc

            A O A+ =
+ − +

+ +

L
NM

O
QP

=
−L

NM
O
QP

=
2 0 2 0

4 0 5 0

2 2

4 5

rFkk      O A A+ =
+ −

+ +

L
NM

O
QP

=
−L

NM
O
QP

=
0 2 0 2

0 4 0 5

2 2

4 5

ge ns[krs gSa fd A + O rFkk O + A mlh vkO;wg  A dks fufnZ"V djrs gSaA bl izdkj ge ikrs gSa fd

 A + O = A = O + A,  tgka O ,d 'kwU; vkO;wg gSA

vkO;wg O, tks 'kwU; vkO;wg gS] dks ;ksx dk rRled vkO;wg dgk tkrk gSA

;ksx dk rRled vkO;wg ,d 'kwU; vkO;wg gksrk gS ftls fn, gq, vkO;wg esa tksM+us ij;ksx dk rRled vkO;wg ,d 'kwU; vkO;wg gksrk gS ftls fn, gq, vkO;wg esa tksM+us ij;ksx dk rRled vkO;wg ,d 'kwU; vkO;wg gksrk gS ftls fn, gq, vkO;wg esa tksM+us ij;ksx dk rRled vkO;wg ,d 'kwU; vkO;wg gksrk gS ftls fn, gq, vkO;wg esa tksM+us ij
ogh vkO;wg izkIr gksrk gS] vFkkZr~ ogh vkO;wg izkIr gksrk gS] vFkkZr~ ogh vkO;wg izkIr gksrk gS] vFkkZr~ ogh vkO;wg izkIr gksrk gS] vFkkZr~ A + O = A = O + A.

mnkgj.kmnkgj.kmnkgj.kmnkgj.k  20.11. ;fn A B=
L
NM
O
QP

=
−L
NM
O
QP

2 0

1 3

3 1

1 2
,  rFkk  C =

−L
NM
O
QP

1 0

0 3
 gks,

rks (a) A + B (b) B + C (c) (A + B) + C            (d) A + (B + C)

Kkr dhft,A
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 gy% gy% gy% gy%

(a) A B+ =
L
NM
O
QP

+
−L
NM
O
QP

2 0

1 3

3 1

1 2
 = 

2 3 0 1

1 1 3 2

1 1

2 5

+ − +

+ +

L
NM

O
QP

=
−L
NM
O
QP

( )

(b) B C+ =
−L
NM
O
QP

+
−L
NM
O
QP

3 1

1 2

1 0

0 3
 = 

( ) ( )− + − +

+ +

L
NM

O
QP

=
−L
NM
O
QP

3 1 1 0

1 0 2 3

4 1

1 5

(c) ( )A B C+ + =
−L
NM
O
QP

+
−L
NM
O
QP

1 1

2 5

1 0

0 3
 = 

( ) ( )− + − +

+ +

L
NM

O
QP

=
−L
NM
O
QP

1 1 1 0

2 0 5 3

2 1

2 8

(d) A B C+ + = +
−L

NM
O
QP
L
NM
O
QP

( )
    

    

    

       

2 0

1 3

4 1

1 5
  = 

2 4 0 1

1 1 3 5

2 1

2 8

+ − +

+ +

L
NM

O
QP

=
−L
NM
O
QP

( )

 mnkgj.k mnkgj.k mnkgj.k mnkgj.k 20.12. ;fn A =
−

−

L
NM

O
QP

2 3 5

1 1 0
 rFkk O =

L
NM

O
QP

0 0 0

0 0 0

(a) A + O   (b) O + A Kkr dhft,A vki D;k ns[krs gSa\

 gy% gy% gy% gy% (a) A O+ =
−

−

L
NM

O
QP

+
L
NM

O
QP

2 3 5

1 1 0

0 0 0

0 0 0

                     = 
− + + +

+ − + +

L
NM

O
QP

=
−

−

L
NM

O
QP

2 0 3 0 5 0

1 0 1 0 0 0

2 3 5

1 1 0

(b) O + A = 
0 0 0

0 0 0

2 3 5

1 1 0

L
NM

O
QP

+
−

−

L
NM

O
QP

          =
0 2 0 3 0 5

0 1 0 1 0 0

2 3 5

1 1 0

+ − + +

+ + − +

L
NM

O
QP

=
−

−

L
NM

O
QP

( )

( )

(a) rFkk (b), ls ge ns[krs gSa fd
A + O = O + A = A

 20.6 vkO;wgksa dk O;odyuvkO;wgksa dk O;odyuvkO;wgksa dk O;odyuvkO;wgksa dk O;odyu

eku yhft, fd  A rFkk B ,d gh Øe ds nks vkO;wg gSaA rc vkO;wg A_
B dks A ls B ds O;odyu

ds :i esa ifjHkkf"kr fd;k tkrk gSA A ds vo;oksa esa ls B ds laxr vo;o ?kVkus ls A
_

 B izkIr
gksrk gSA ge fy[k ldrs gSa%
     A 

_
 B = A + (

_
B)

 fVIi.kh% fVIi.kh% fVIi.kh% fVIi.kh% A_
B rFkkrFkkrFkkrFkk B_

A ,d gh vkO;wg dks fufnZ"V ugha djrs tc rd fd ,d gh vkO;wg dks fufnZ"V ugha djrs tc rd fd ,d gh vkO;wg dks fufnZ"V ugha djrs tc rd fd ,d gh vkO;wg dks fufnZ"V ugha djrs tc rd fd A= B u gksAu gksAu gksAu gksA

 mnkgj.k mnkgj.k mnkgj.k mnkgj.k 20.13. ;fn A = 
1 0

2 1−

L
NM
O
QP  rFkk  B =

3 2

1 4

L
NM
O
QP   gks] rks

    (a) A
_

B (b) B 
_

 A Kkr dhft,A
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 gy% gy% gy% gy% (a) ge tkurs gSa fd

A
_

B = A+ (
_

B) (i)

D;ksafd  B = 
3 2

1 4

L
NM
O
QP , ge izkIr djrs gSa

_
B = 

− −

− −

L
NM

O
QP

3 2

1 4

bls  (i) esa izfrLFkkfir djus ij] ge izkIr djrs gSa%

A
_

B = 
1 0

2 1−

L
NM
O
QP  + 

− −

− −

L
NM

O
QP

3 2

1 4
 = 

1 3 0 2

2 1 1 4

+ − + −

+ − − + −

L
NM

O
QP

( ) ( )

( ) ( ) ( )
  = 

− −

−

L
NM

O
QP

2 2

1 5

(b) blh izdkj]

B 
_

A = B + (
_

A)

B 
_

 A =
3 2

1 4

L
NM
O
QP

 + 
−

−

L
NM
O
QP

1 0

2 1
 = 

3 1 2 0

1 2 4 1

+ − +

+ − +

L
NM

O
QP

( )

( )
 = 

2 2

1 5−

L
NM
O
QP

 fVIi.kh% fVIi.kh% fVIi.kh% fVIi.kh% A_
B izkIr djus ds fy, ge A ds vo;oksa esa ls B ds laxr vo;o lh/ks ?kVk ldrs gSaA

A
_

B = 
1 3 0 2

2 1 1 4

− −

− − −

L
NM

O
QP  = 

− −

−

L
NM

O
QP

2 2

1 5

rFkk      B_
A = 

3 1 2 0

1 2 4 1

− −

− − −

L
NM

O
QP( )

 = 
2 2

1 5−

L
NM
O
QP

 mnkgj.k mnkgj.k mnkgj.k mnkgj.k 20.14.    ;fn A = 
2 3

1 4−

L
NM
O
QP

; B =
a   b

c   d

L
NM
O
QP  rFkk A+B =O, gks rks B Kkr dhft,A

 gy% gy% gy% gy% ;gka ;g fn;k x;k gS fd  A+B = O

∴
2 3

1 4−

L
NM
O
QP  +

a   b

c   d

L
NM
O
QP  = 

0 0

0 0

L
NM
O
QP

⇒
2 3

1 4

+ +

− + +

L
NM

O
QP

a b

c d
= 

0 0

0 0

L
NM
O
QP

⇒ 2 + a = 0 ; 3 + b = 0
_1 + c = 0 ; 4 + d = 0

⇒ a = 
_

2;   b =
  _

3; c = 1 rFkk  d = 
_

 4

∴ B =

a   b

c   d

L
NM
O
QP= 

− −

−

L
NM
O
QP

2  3

  1  2

fVIi.kh% fVIi.kh% fVIi.kh% fVIi.kh% mnkgj.k 20.15 esa B ds vo;o A ds laxr vo;oksa ds ;ksT;&O;qRØe gSaA blfy, ge
vkO;wg  B dks vkO;wg  A dk ;ksT;&O;qRØe dgrs gSaA lkFk gh]
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B = 
− −

−

L
NM

O
QP

2 3

1 4
 = (

_
1) ×  

  2     3

1     4−

L
NM
O
QP  = (

_
1) ×  A = 

_
A

O;kid :i esa ge dg ldrs gSa fd ;fn ,d vkO;wg A fn;k gks] vkSj ,d ,sls vU; vkO;wg
B = (_ 1) A dk vfLrRo gks rkfd A + B= O gks] rks ,sls vkO;wg B dks vkO;wg A dk
;ksT;&O;qRØe dgk tkrk gSA

     ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk 20.4

1. ;fn A = 
3 1

5 2

−L
NM
O
QP  rFkk B= 

0 1

3 2

−L
NM
O
QP gks] rks

(a) A+B (b) 2A+B (c) A+3B (d) 2A+3B Kkr dhft,A

2. ;fn  P= 
2 5 3

1 4 0−

L
NM

O
QP  rFkk Q = 

1

1

     2 3

4      5

−

−

L
NM

O
QP  gks] rks

(a) P 
_

 Q (b) Q 
_

 P (c) P 
_ 

2Q (d) 2 Q 
_

 3 P Kkr dhft,A

3. ;fn  A = 

1 2 3

4 1 2

4 5 0

−

−

L

N
M
M
M

O

Q
P
P
P

 rFkk B = 

− −L

N
M
M
M

O

Q
P
P
P

1 4 0

1 6 1

2 0 7
 gks] rks

(a) A+B (b) A
_
B (c) 

_
A+B (d) 3A+2B Kkr dhft,A

4. ;fn A = 

0 1

0 1

1 1

−

−

L

N
M
M
M

O

Q
P
P
P
gks] rks 'kwU; vkO;wg O, tks A+O = AA

dks lUrq"V djrk gks] Kkr dhft;sA

5. ;fn A = 

− −

−

L

N
M
M
M

O

Q
P
P
P

2 1 0

1 2 3

4 0 1
 gks] rks

(a) 
_
A (b) A + (

_
A)  (c) (

_
A)+A  Kkr dhft,A

6. ;fn A = 
1 9

3 2

L
NM
O
QP  rFkk  B = 

5 1

7 9

L
NM
O
QP gks] rks

Kkr dhft,%

(a) 2A    (b) 3B   (c) 2A+3B   (d) ;fn 2 A + 3 B + 5 X = O gks, rks X D;k gksxk?

7. ;fn  A = 
2 0 1

4 3 2

−L
NM

O
QP  rFkk  B=

−

−

L
NM

O
QP

1 0 1

2 4 0
gks] rks

(a) A′          (b) B′    (c) A+B   (d) (A+B)′   (e) A′+B′ Kkr dhft;s!
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vki D;k ns[krs gSa\

8. ;fn  A = 
1 4

2 1−

L
NM
O
QP , B = 

1 2

3 1−

L
NM
O
QP rFkk C =

2 1

3 2

−L
NM
O
QP gks] rks

Kkr dhft,%
(a) A

_
B    (b) B

_
C   (c) A

_
C   (d) 3B

_
2C      (e) A

_
B

_
C    (f) 2A

_
B

_
3C

 20.7 vkO;wgksa dk xq.kuvkO;wgksa dk xq.kuvkO;wgksa dk xq.kuvkO;wgksa dk xq.ku

lSyhuk rFkk jk[kh nks fe= gSaA lSyhuk 17 fdxzk- xsgw¡¡¡] 3 fdxzk- nkysa rFkk 250 xzk- ?kh [kjhnuk pkgrh
gSa\ tcfd jk[kh 15 fdxzk- xsgw¡¡¡] 2 fdxzk- nkysa rFkk 500 xzk- ?kh [kjhnuk pkgrh gSA xsgw¡¡¡] nkyksa rFkk
?kh ds izfr fdxzk- ewY; Øe'k% 8.00 #-] 27.00 #- rFkk 90.00 #- gSA muesa ls izR;sd fdruh /ku
jkf'k O;; djsxh\ Li"Vr%] lSyhuk rFkk jk[kh dks ftruh /ku jkf'k dh vko';drk gksaxh mls uhps
fn;k x;k gS%

lSyhuklSyhuklSyhuklSyhuk 17 fdxzk- xsgw¡¡¡ dk ewY;  ⇒  17 ×  8 #- =  136.00 #-
3 fdxzk- nkyksa dk ewY;  ⇒ 03  ×  27 #- =  81.00 #-

250 xzk- ?kh dk ewY;     ⇒ 1
4

 ×  90 #- = 22.50 #-

;ksx = 239.50 #-

jk[khjk[khjk[khjk[kh 15 fdxzk- xsgw¡¡¡ dk ewY;     ⇒ 15 ×  8 #- =  120.00 #-
2 fdxzk- nkyksa dk ewY;     ⇒   2  ×  27 #- = 54.00 #-

500 xzk- ?kh dk ewY;    ⇒ 1
2

 ×  90 #- =  45.00 #-

;ksx = 219.00 #-

vkO;wg ds :i esa mi;qZDr tkudkjh dks fuEufyf[kr <ax ls iznf'kZr fd;k tk ldrk gS%
vko';drk,a ewY; vko';d /ku jkf'k

                      

17            3             0.250

15            2             0.500

 
 
 
 
 

• ••• •• • • • •• • • •

    

 8
27
90

L
N
M
M
O
Q
P
P = × + × + ×

× + × + ×
L
NM

O
QP =
L
NM

O
QP

17 8 3 27 0.250 90
15 8 2 27 0.500 90

239.50
219.00

mlh cLrh esa ,d vU; nqdku ij fuEufyf[kr ewY; fy[ks x, gSa%
xsgw¡¡¡] :  9 #- izfr fdxzk-( nkysa % 26 #- izfr fdxzk- ?kh % 100 izfr fdxzk-

lkSyhuk rFkk jk[kh dks bl nqdku ls viuh okafNr oLrqvksa dh ek=k [knhnus ds fy, fuEufyf[kr
/ku jkf'k dh vko';drk gksxhA

lSyhuklSyhuklSyhuklSyhuk 17 fdxzk- xsgw¡¡¡]  ⇒ 17 ×  9 #- = 153.00 #-

3 fdxzk- nkysa   ⇒ 3  ×   26 #- = 78.00 #-

250 xzk- ?kh   ⇒ 1
4 × 100 #- = 25.00 #-

dqy = 256.00 #-
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jk[khjk[khjk[khjk[kh 15 fdxzk- xsgw¡¡¡]  ⇒ 15 × 9 #- = 135.00 #-
02 fdxzk- nkysa  ⇒ 2  × 26 #- = 52.00 #-

500 xzk- ?kh⇒ 1
2

 × 100 #- = 50.00 #-

dqy = 237.00 #-

vkO;wg ds :i esa mijksDr tkudkjh dks fuEufyf[kr <ax ls iznf'kZr fd;k tk ldrk gSA

vko';drk,a        ewY;      vko';d /ku jkf'k ¼#- esa½

17 3 0 250

15 2 0500

.

.

L
NM

O
QP

   9 .00
 26.00
100.00

L
N
M
M

O
Q
P
P =

× + × + ×

× + × + ×

L
NM

O
QP

17 9 3 26.00 0.250 100

15 900 2 26.00 0.500 100

.00
=

256 00

237 00

.

.

L
NM
O
QP

,d rqyukRed v/;;u ds fy,] nksuksa tkudkfj;ksa dks fuEufyf[kr <ax ls ,df=r fd;k tk ldrk gS%

17 3 0 250

15 2 0 500

.

.

L
NM

O
QP  

8 00 9 00

27 00 26 00

90 00 100 00

. .

. .

. .

L

N
M
M
M

O

Q
P
P
P

 = 
239 50 256 00

219 00 237 00

. .

. .

L
NM

O
QP

vkb, ns[ksa fd dSls vkSj dc ge bl xq.kuQy dks fy[krs gSa%
(i) izFke vkO;wg dh igyh iafDr ds rhu vo;oksa dks nwljs vkO;wg ds izFke LraHk ds laxr vo;oksa
ls xq.kk fd;k tkrk gS rFkk mudk ;ksx fd;k tkrk gSA ;g ;ksxQy xq.kuQy&vkO;wg dh izFke
iafDr rFkk izFke LrEe dk vo;o gksrk gSA mlh <ax ls igys vkO;wg dh nwljh iafDr ds vo;oksa
dks nwljs vkO;wg ds izFke LraHk ds laxr vo;oksa ls xq.kk djds tksM+k tkrk gSA ;g ;ksxQy
xq.kuQy&vkO;wg dh nwljh iafDr rFkk izFke LraHk dk vo;o gksrk gS( rFkk blh izdkj xq.kuQy
vkO;wg ds vU; vo;o izkIr fd;s tkrs gSaA
(ii) igys vkO;wg ds LraHkksa dh la[;k nwljs vkO;wg dks iafDr;ksa dh la[;k ds cjkcj gS rkfd izFke
vkO;wg nwljs vkO;wg }kjk xq.kk fd;s tkus ds vuqdwy gSA

bl izdkj] ;fn A = 

a   b   c

a   b   c
1 1 1

2 2 2

L

N
M
M

O

Q
P
P  rFkk B = 

α β

α β

α β

1 1

2 2

3 3

L

N
M
M
M

O

Q
P
P
P

 rc]  A ×  B  = 
a   b   c

a   b   c
1 1 1

2 2 2

L

N
M
M

O

Q
P
P  ×  

α β

α β

α β

1 1

2 2

3 3

L

N
M
M
M

O

Q
P
P
P
 = 

a b c a b c

a b c a b c

1 1 1 2 1 3 1 1 1 2 1 3

2 1 2 2 2 3 2 1 2 2 2 3

α α α β β β

α α α β β β

+ + + +

+ + + +

L
NM

O
QP

ifjHkk"kk% ifjHkk"kk% ifjHkk"kk% ifjHkk"kk% ;fn A rFkk B nks vkO;wg Øe'k%  m ×  p rFkk p ×  n Øe okys gksa] rks mudk xq.kuQy
,d  m ×  n Øe okyk vkO;wg C gksxk( rFkk ;fn a

ij
, b

ij
 rFkk c

ij
 Øe'k% A, B rFkk C vkO;wgksa dks

ioha iafDr rFkk josa LraHk ds vo;o gksa] rks

c ij ik kj

k 1

p

=
=
∑ a b
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mnkgj.kmnkgj.kmnkgj.kmnkgj.k 20.15.     ;fn A= 1 1 2−  rFkk B = 

−L

N
M
M
M

O

Q
P
P
P

2

0

2

 gks] rks

Kkr dhft,% (a) AB (b) BA D;k  AB= BA gS\

gy%gy%gy%gy% A dk Øe 1 × 3 gSA

 B dk Øe  3 × 1 gSA

 ∴  A  ds LraHkksa dh la[;k = B  dh iafDr;ksa dh la[;k

∴ AB  dk vfLrRo gSA

vc] AB = 1 1 2−

−L

N
M
M
M

O

Q
P
P
P

2

0

2

 = 1 ( 2) ( 1) 0 2 2× − + − × + ×  = − + +2 0 4  = 2

bl izdkj AB = 2 , 1 × 1 Øe dk vkO;wg

iqu%]  B ds LraHkksa dh la[;k  = A dh iafDr;ksa dh la[;k
∴ BA dk vfLro gSA

vc]  BA = 

−L

N
M
M
M

O

Q
P
P
P

2

0

2

1 1 2−  = 

− × − × − − ×

× × − ×

× × − ×

L

N
M
M
M

O

Q
P
P
P

2 1   ( 2) 1)     (

     0              0 2

2 1     2 ( )             2 2

( )

( )

2 2

0 1 1

1

 =

− −

−

L

N
M
M
M

O

Q
P
P
P

2 2 4

0 0 0

2 2 4

bl izdkj]  BA =

− −

−

L

N
M
M
M

O

Q
P
P
P

2 2 4

0 0 0

2 2 4
,  3 × 3 Øe dk vkO;wg

Åij dh lHkh ppkZ ls ge ikrs gSa fd  AB ≠ BAA

mnkgj.kmnkgj.kmnkgj.kmnkgj.k 20.16.  vkO;wgksa A rFkk B ds fy,] ;fn laHko gks] AB rFkk BA Kkr dhft, tcfd

A = 
2 0

0 1

L
NM
O
QP ; B =

−L

N
M
M
M

O

Q
P
P
P

1

2

3

 gy% gy% gy% gy% ;gka A ds LraHkksa dh la[;k ≠ B dh iafDr;ksa dh la[;k
∴ AB dk vfLrRo ugha gSA
iqu%] B ds LraHkksa dh la[;k ≠ Α dh iafDr;ksa dh la[;k
∴ BA dk vfLrRo ugha gSA

 mnkgj.k mnkgj.k mnkgj.k mnkgj.k 20.17.  ;fn A= 
1 2

1 0−

L
NM
O
QP  rFkk  B = 

2 1

2 2

L
NM
O
QP  gks] rks

          AB rFkk BA Kkr dhft,A ;g Hkh Kkr dhft, fd AB = BA gS

vFkok ughaA
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 gy% gy% gy% gy% ;gka]  A ds LraHkksa dh la[;k = B dks iafDr;ksa dh la[;k

∴ AB dk vfLrRo gSA

B ds LraHkksa dh la[;k =  A dks iafDr;ksa dh la[;k

∴ BA  dk vfLrRo gSA

vc]    AB = 
1 2

1 0−

L
NM
O
QP  

2 1

2 2

L
NM
O
QP =

 1 2 + 2 2        

2 + 0 2   

× × × + ×

− × × − × + ×

L
NM

O
QP

1 1 2 2

1 1 1 0 2

         
=

2 4 1 4

2 0 1 0

+ +

− + − +

L
NM

O
QP

 
2 2

6 5

2 1
×

 
=  − − 

rFkk     BA = 
2 1

2 2

L
NM
O
QP

1 2

1 0−

L
NM
O
QP  = 

2 + 1 (        

1 + 2 (       

× × − × + ×

× × − × + ×

L
NM

O
QP

1 1 2 2 1 0

2 1 2 2 2 0

)

)

        =
2 1 4 0

2 2 4 0

− +

− +

L
NM

O
QP   =

1     4
0     4

2 2

L
NM
O
QP ×

bl izdkj] AB ≠ BA

 fVIi.kh% fVIi.kh% fVIi.kh% fVIi.kh% ge ns[krs gSa fd  AB rFkk BA ,d gh Øe 2 × 2, okys gSa] fQj Hkh AB ≠ BA gSA

 mnkgj.k mnkgj.k mnkgj.k mnkgj.k 20.18.   ;fn  A =
2 0

0 3

L
NM
O
QP  rFkk B = 

4 0

0 1−

L
NM
O
QP gks] rks

  AB rFkk BA Kkr dhft,A D;k  AB =BA gS\

 gy% gy% gy% gy% ;gka nksuksa  A rFkk B dk Øe 2 × 2 gSA bl fy, nksuksa AB rFkk BA ds vfLrRo gSaA vc]

AB =
× ×

2 0

0 3

4 0

0 1
2 2 2 2

L
NM
O
QP −

L
NM
O
QP  = 

8 0 0 0

0 0 0 3

+ +

+ −

L
NM

O
QP  =    

×

8 0

0 3
2 2

−

L
NM
O
QP  rFkk

BA = 
4 0

0 1−

L
NM
O
QP

2 0

0 3

L
NM
O
QP  = 

8 0 0 0

0 0 0 3

+ +

+ −

L
NM

O
QP  = 

×

8 0

0 3
2 2

−

L
NM
O
QP

;gka] nksuksa AB rFkk BA ,d gh Øe ds gSa rFkk AB = BA Hkh gSaA

vr,o] ;fn nks vkO;wgksa  A rFkk B dks xq.kk fd;k tk,] rks fuEufyf[kr ikap fLFkfr;ka mRiUu gksrh gSa(

(i)   nksuksa AB rFkk BA ds vfLrRo gksrs gSa] fdUrq muds Øe fHkUu gksrs gSa

(ii)   dsoy ,d xq.kuQy AB vFkok BA dk vfLrRo gksrk gSA

(iii)   AB rFkk BA esa ls fdlh dk Hkh vfLrRo ugha gksrkA

(iv)   nksuksa AB rFkk BA ds vfLrRo gksrs gSa rFkk muds Øe Hkh ,d gh gksrs gSa] fdUrq AB≠ BA gksrk gSA

(v)   nksuksa  AB rFkk  BA ds vfLrRo gksrs gSa rFkk muds Øe Hkh ,d gh gksrs gSaA lkFk gh AB= BA

    gksrk gSA
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mnkgj.kmnkgj.kmnkgj.kmnkgj.k 20.19. ;fn A= 
3 0

0 3

L
NM
O
QP  rFkk I =

1 0

0 1

L
NM
O
QP gks] rks lR;kfir dhft, fd  A

2_2A
_

3I=O

 gy% gy% gy% gy% ;gka] A2 = AA = 
3 0

0 3

L
NM
O
QP   

3 0

0 3

L
NM
O
QP = 

9 0 0 0

0 0 0 9

+ +

+ +

L
NM

O
QP  = 

9 0

0 9

L
NM
O
QP

 2A = 2
3 0

0 3

L
NM
O
QP  = 

6 0

0 6

L
NM
O
QP     rFkk   3I = 3

1     0

0     1

3     0

0     3

L
NM
O
QP
L
NM
O
QP

=

A2_2A
_

3I = 
9 0

0 9

L
NM
O
QP

_
 

6 0

0 6

L
NM
O
QP

_
 

3 0

0 3

L
NM
O
QP  = 

9 0

0 9

L
NM
O
QP

_
 

6 0

0 6

3 0

0 3

L
NM
O
QP

+
L
NM
O
QP

RST
UVW

=
9 0

0 9

L
NM
O
QP  

_
 

9 0

0 9

L
NM
O
QP  = 

9 9 0 0

0 0 9 9

− −

− −

L
NM

O
QP  = 

0 0

0 0

L
NM
O
QP = O

vr,o] lR;kfir gqvkA

    mnkgj.kmnkgj.kmnkgj.kmnkgj.k 20.22.  vkO;wg lehdj.k  
2 3

1 1

−L
NM
O
QP  

x

y

L
NM
O
QP  = 

1

3

L
NM
O
QP  gy dhft,A

 gy% gy% gy% gy% ;gka   ck;ka i{k = 
2 3

1 1

−L
NM
O
QP  

x

y

L
NM
O
QP  = 

2 3x y

x y

−

+

L
NM

O
QP

⇒
−

+

L
NM

O
QP

2 3x y

x y
=

1

3

L
NM
O
QP  ⇒ − = + =2 3 1 3x y x y;

bu lehdj.kksa dks gy djus ij ge izkIr djrs gSa%

x= 2 rFkk y = 1

    mnkgj.kmnkgj.kmnkgj.kmnkgj.k 20.21.   ;fn A= 
1 1

1 1

L
NM
O
QP  vkSj B = 

−

−

L
NM

O
QP

1 1

1 1
, rks AB Kkr dhft;sA

 gy% gy% gy% gy% ;gka]  AB = 
1 1

1 1

L
NM
O
QP

−

−

L
NM

O
QP

1 1

1 1
 = 

( ) ( )
( ) ( )

1 1 1 11 1 1 1

1 1 1 11 1 1 1

× − + × × + × − 
 

× − + × × + × −  

              = 
− + −

− + −

L
NM

O
QP

1 1 1 1

1 1 1 1
= 

0 0

0 0

L
NM
O
QP  = O

fVIi.kh% fVIi.kh% fVIi.kh% fVIi.kh% mnkgj.k  3.23ls gesa Kkr gksrk gS fd nks 'kwU;srj vkO;wgksa dk xq.kuQy ,d 'kwU;
vkO;wg gks ldrk gS] vFkkZr~  A≠O rFkk  B ≠ O rc Hkh AB = O gks ldrk gSA

vr,o] ge fu"d"kZ fudkyrs gSa fd nks 'kwU;srj vkO;wgksa dk xq.kuQy ,d 'kwU; vkO;wg gks
ldrk gS] tcfd la[;kvksa eas nks 'kwU;ksrj la[;kvksa dk xq.kuQy lnk 'kwU;srj gksrk gSA
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 mnkgj.k  mnkgj.k  mnkgj.k  mnkgj.k 20.22. A = 
1 2

3 5

−L
NM
O
QP , B =

4 0

1 2−

L
NM
O
QP  rFkk C = 

−L
NM
O
QP

1 0

0 3

ds fy,  (a) (AB)C (b) A(BC) Kkr dhft;s

      D;k (AB) C = A (BC) gS\

 gy% gy% gy% gy% (a) (AB)C = 
1 2

3 5

4 0

1 2

−L
NM
O
QP −

L
NM
O
QP

RST
UVW

−L
NM
O
QP

1 0

0 3
 = 

4 2 0 4

12 5 0 10

+ −

− +

L
NM

O
QP  

−L
NM
O
QP

1 0

0 3

= 
6 4

7 10

−L
NM
O
QP

−L
NM
O
QP

1 0

0 3
 = 

− + −

− + +

L
NM

O
QP

6 0 0 12

7 0 0 30
 = 

− −

−

L
NM

O
QP

6 12

7 30

(b) A(BC) = 
1 2

3 5

−L
NM
O
QP  

4 0

1 2

1 0

0 3−

L
NM
O
QP

−L
NM
O
QP

RST
UVW  = 

1 2

3 5

−L
NM
O
QP  

− + +

+ +

L
NM

O
QP

4 0 0 0

1 0 0 6

= 
1 2

3 5

−L
NM
O
QP  

−L
NM
O
QP

4 0

1 6
 = 

− − −

− + +

L
NM

O
QP

4 2 0 12

12 5 0 30
 = 

− −

−

L
NM

O
QP

6 12

7 30

(a) rFkk (b) ls ge ikrs gSa fd (AB)C = A(BC), vFkkZr~ vkO;wg xq.ku lgpkjh gksrk gSA

 ns[ksa vkius fdruk lh[kk  ns[ksa vkius fdruk lh[kk  ns[ksa vkius fdruk lh[kk  ns[ksa vkius fdruk lh[kk 20.5

1. ;fn  A = 2 3 0  rFkk B = 

0

2

1

−

L

N
M
M
M

O

Q
P
P
P

 gks] rks AB rFkk BA Kkr dhft,A  D;k AB=BA gS\

2. ;fn  A= 
0 2 2

1 3 0

−

−

L
NM

O
QP  rFkk B =

2 3

1 1

0 2

−

−

L

N
M
M
M

O

Q
P
P
P

 gks] rks AB rFkk BA

Kkr dhft,A D;k AB = BA gS\

3. ;fn  A = 
a

b

L
NM
O
QP  rFkk  B= x y z gks] rks  AB rFkk BA  esa ls

ftl dk Hkh vfLrRo gks] mls Kkr dhft,A

4. ;fn A = 

−L
NM
O
QP

1

0 
 rFkk  B =

2 0

1 3−

L
NM
O
QP  gks] rks BA  Kkr dhft,A D;k AB dk vfLrRo gS\

5. ;fn A= 
2 3

0 1

L
NM
O
QP

 rFkk B = 

0

1

2

−

L

N
M
M
M

O

Q
P
P
P

 gks] rks

(a) D;k AB dk vfLrRo gS\ D;ksa\ (b) D;k BA dk vfLrRo gS\ D;ksa\
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6. ;fn A = 
2 1

0 3

L
NM
O
QP  rFkk B = 

−L
NM
O
QP

1 0

2 5
gks] rks AB rFkk BA  Kkr dhft,A D;k AB=BA  gS\

7. ;fn A = 

       2    0

        

          

1

3 5 4

5 3 1

−

L

N

M
M
M
M

O

Q

P
P
P
P

 rFkk B = 

2    3    1

        

        

−L

N

M
M
M
M

O

Q

P
P
P
P

1 0 3

1 2 3
 gks] rks

AB rFkk BA Kkr dhft,A D;k AB=BA gS\

8. ;fn  A=
2 0

0 1−

L
NM
O
QP  rFkk  B =

5 0

0 1

L
NM
O
QP  gks rks] AB rFkk BA  Kkr dhft,A D;k AB=BA  gS\

9.  x rFkk  y ds eku Kkr dhft, ;fn

(a) 
1 1

4 5

L
NM
O
QP

x

y

L
NM
O
QP  = 

2

7

L
NM
O
QP (b) 

2 3

1 1−

L
NM
O
QP

x

y

L
NM
O
QP  = 

4

3−

L
NM
O
QP gksA

10. ;fn  A=
2 0

1 0

L
NM
O
QP  rFkk  B=

0 0

3 4

L
NM
O
QP  gks] rks lR;kfir dhft, fd AB=O gSA

11.       A= 
2 5

1 3

L
NM
O
QPds fy, lR;kfir dhft, fd

 A2_5A+I = O, tgka I ,d nks Øe okyk bdkbZ vkO;wg gSA

12. ;fn A =
1 3

2 1

L
NM
O
QP  , B=

2 2

1 1−

L
NM
O
QP  rFkk  C =

4 3

2 3

−

−

L
NM

O
QP   gks] rks fuEu Kkr dhft,%

(a) A(BC) (b) (AB)C (c) (A+B)C

(d) AC+BC (e) A B2 2− (f) (A
_
B) (A+B)

13. ;fn A =
2 1

3 1

−L
NM
O
QP  , B=

3 2

2 2

−L
NM
O
QP  rFkk C = 

1 2

1 2

L
NM
O
QP  gks] rks (a) AC  (b) BC

Kkr dhft,A

D;k AC = BC  gS\ vki D;k fu"d"kZ fudkyrs gSa\

14. ;fn A =

−

−

L

N

M
M
M

O

Q

P
P
P

1 0

1 2

    

     , B =
1 1

2 0

−L
NM
O
QP  rFkk C=

3 8

7 1

    

−

L
NM
O
QP  gks] rks Kkr dhft,%

(a) B+C (b) A (B+C) (c) AB          (d) AC    (e) AB+AC

/;ku iwoZd ns[kus ls vki D;k ikrs gSa\

15. vkO;wgksa A = 
2 1

3 4

−L
NM
O
QP   rFkk B =

2 3

1 0

−

−

L
NM

O
QP  ds fy, lR;kfir dhft, fd ( ) ' ' 'AB B A=
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16. ;fn  A = 
−

−

L
NM

O
QP

1 2

2 1
 rFkk  B =

3

3

L
NM
O
QP  gks] rks ,slk vkO;wg X Kkr dhft, fd  AX = B

gksA

17. ;fn  A=
a b

c d

L
NM
O
QP  rFkk  I=

1 0

1 0

L
NM
O
QP   gks] rks fn[kkb, fd AA2_(a+d) A = (bc_ad) I

18 ;fn  A = 
0 1

2 1

L
NM
O
QP  rFkk B = 

0 1

1 1

L
NM
O
QP  gks] rks D;k] ;g lR; gS fd

(a) (A+B)2 = A2+B2+2AB? (b) (A_B)2 =A2+B2_2AB?

(c) (A+B) (A_B) = A2_B2?

20-8 O;qRØe.kh; vkO;wg

ifjHkk"kk%ifjHkk"kk%ifjHkk"kk%ifjHkk"kk%    'A' ,d n Øe dk oxZ vkO;wg O;qRØe.kh; gksrk gS ;fn 'B' nwljk mlh Øe (n)

dk vkO;wg] bl rjg gS fd

AB = I
n
 = BA, tgk¡ I

n
 rRled (n dksfV dk½ vkO;wg gksA

bl rjg ds volj ij] A dk O;qRØe B gksrk gS rFkk A–1 = B fy[krs gSaA

izes;izes;izes;izes; 1 : izR;sd O;qRØe.kh; vkO;wg dk ,d vf}rh; O;qRØe gksrk gSA

miifÙk % miifÙk % miifÙk % miifÙk % ekuk A ,d n Øe dk O;qRØe.kh; vkO;wg gSA

ekuk B, rFkk C vkO;wg A ds nks O;qRØe gSaA

rc AB = BA = I
n

...(i)

rFkk AC = CA = I
n

...(ii)

vc AB = I
n

⇒ C(AB) = C I
n

['C' ls igys xq.kk djus ij]

⇒ (CA) B = C I
n

[lkgp;Z xq.k }kjk]

⇒ I
n
 B = C I

n
(Q CA = I

n
 lehdj.k (ii) ls]

⇒ B = C [Q I
n
 B = B, C I

n
 = C]

vr% ,d O;qRØe.kh; vkO;wg dk ,d fo'ks"k ¼vf}rh;½ O;qRØe gksrk gSA

miizes; % miizes; % miizes; % miizes; % ;fn A O;qRØe.kh; vkO;wg gks] rks (A–1)–1 = A

miifÙk % miifÙk % miifÙk % miifÙk % ge tkurs gSa fd A  A–1 = I = A–1A

⇒ A, A–1 dk O;qRØe gqvk

vr% A = (A–1)–1

izes; 2%izes; 2%izes; 2%izes; 2% ,d oxZ vkO;wg rHkh O;qRØe.kh; gksxk tc og vO;qRØe.kh; ugha gSA

miifÙk% miifÙk% miifÙk% miifÙk% ekuk A ,d O;qRØe.kh; vkO;wg gSA rc B vkO;wg bl rjg gS fd AB = I
n
 = BA

⇒ |AB| = |I
n
|  ⇒  |A| |B| = 1  ⇒  |A| ≠ 0

⇒ A ,d O;qRØe.kh; vkO;wg gSA
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foykser % ekuk A, n dksfV dk ,d O;qRØe.kh; oxZ vkO;wg gSA

rc

⇒ A 
1

A
| A |

adj
 
  

 = I
n
 = 

1
A

| A |
adj

 
  

 A A 
1

| A | 0
| A |

 
≠ ∴ 

 
Q dk eku gksxk

⇒ –1 1
A A

| A |
adj= [O;qRØe dh ifjHkk"kk]

vr% A ,d O;qRØe.kh; vkO;wg gksxkA

 fVIi.kh% fVIi.kh% fVIi.kh% fVIi.kh%    ;g izes; O;qRØe.kh; oxZ vkO;wg dk O;qRØe tkuus ds fy, mi;ksxh gSA

A dk O;qRØe

A–1 =
1

A
| A |

adj

20-9 ,d vkO;wg ij izkjfEHkd :ikarj.k vFkok izkjfEHkd lafØ;k,¡

fuEu rhu lafØ;kvksa dk fdlh vkO;wg dh iafDr;ksa ¼LraHk½ ij iz;ksx izkjfEHkd iafDr ¼LraHk½
:ikarj.k dgykrk gSA

(i) nks iafDr;kssa ¼LraHkksa½ dks ijLij cnyuk

fdlh vkO;wg esa 'i' oha iafDr ¼LraHk½ dks 'j ' oha iafDr ¼LrEHk½ ls ijLij cnyus dks
R

i
 ↔ R

j
 (C

i
 ↔ C

j
) ls fufnZ"V djrs gSaA

mnkgj.kkFkZ] A = 

2 1 3

1 2 1

3 2 4

 
 − 
  

, rc R
2
 ↔ R

3 
dk fu:i.k djus ij

gesa B vkO;wg feyrk gS&

B = 

2 1 3

3 2 4

1 2 1

 
 
 
 − 

(ii) fdlh vkO;wg ds fdlh iafDr ¼LraHk½ ds lHkh vo;oksa dks ,d 'kwU;sÙkj vfn'k ls xq.kk djus ij %

;fn 'i' oha iafDr ¼LraHk½ ds vo;oksa dks ,d 'kwU;srj vfn'k k, ls xq.kk fd;k tk, rks
mls R

i
 → k R

i
 [C

i
 → k C

i
] ls fufnZ"V djrs gSa

mnkgj.kkFkZ %

;fn A = 

3 2 1

0 1 2

1 2 3

− 
 
 
 − − 

, rc R
1
 → 2R

1
 ds fu:i.k djus ij fuEu B feyrk gSA

B = 

6 4 2

0 1 2

1 2 3

− 
 
 
 − − 
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(iii) fdlh iafDr ¼LraHk½ ds vo;oksa dks fdlh vU; iafDr ¼LraHk½ ds laxr vo;oksa dks fdlh
vfn'k ls xq.kk djds tksM+uk&bls R

i
 → R

i
 + kR

j
 (C

i
 → C

i
 + k C

j
) ls fu:i.k djrs

gS aA

;fn  A = 

2 1 3 1

1 1 0 2

0 1 3 1

 
 − − 
  

,  ij R
3
 → R

3
 + 2R

1
 fu:fir djrs gSa rks gesa vkO;wg B feyrk gS

B = 

2 1 3 1

1 1 0 2

4 3 9 3

 
 − − 
  

20-10 izkjfEHkd lafØ;kvksa }kjk ,d vkO;wg dk O;qRØe

izkjfEHkd iafDr lafØ;kvksa ;k LraHk lafØ;kvksa] ijUrq nksuksa ,d lkFk ugha] iz;ksx djrs gq, ,d
vkO;wg dk O;qRØe izkIr dj ldrs gSa tcfd mldk vfLrRo gksA

ekuk 'A' n dksfV dk ,d O;qRØe.kh; oxZ vkO;wg gSA

;fn ge izkjfEHkd lafØ;kvksa }kjk A–1 izkIr djuk pkgrs gSa rks

A = I
n
 A fy[krs gSa ...(i)

,d izkfjEHkd iafDr lafØ;k esa nks vkO;wg ds xq.ku dks mlh izkjfEHkd iafDr lafØ;k ds
vfxze xq.ku[k.M ls izHkkfor fd;k tk ldrk gSA

ge izkjfEHkd iafDr lafØ;kvksa iz;ksx lehdj.k (i) ij rc rd djrs gSa tc rd ck;k¡
i{k I

n
 rFkk nk;k¡ i{k esa ¼laxr izkjfEHkd iafDr lafØ;kvksa dk iz;ksx I

n
 ds vfxze ¼iwoZ½ xq.ku

djus ds ckn½

ge ikrs gSa I
n
 = BA ...(ii)

bldk rkRi;Z vkO;wg A rFkk vkO;wg B ,d nwljs ds O;qRØe gSaA vr% A–1 = B

blh rjg ;fn ge pkgrs gSa A–1, izkjfEHkd LraHk lafØ;kvksa ds iz;ksx }kjk rks ge fy[krs gSa

a A = A I
n

...(iii)

vc (iii) ij izkjfEHkd LraHk lafØ;kvksa dk iz;ksx tc rd djrs gSa tc rd ck;k¡ i{k
I
n
 ugha gks tkrk nk;k¡ i{k ¼laxr izkjfEHkd LraHk lafØ;kvksa dk iz;ksx i'p xq.ku (post factor)

I
n
ij djus ds ckn½ nk;k¡ i{k bl rjg gks tkrk gS

I
n
 = AB

rc A–1 = B

bl fof/k dks fuEu mnkgj.k }kjk le>k;k x;k gSA

 mnkgj.k 20-23- mnkgj.k 20-23- mnkgj.k 20-23- mnkgj.k 20-23-  izkjfEHkd LraHk lafØ;kvksa }kjk vkO;wg A dk O;qRØe Kkr dhft,A tgk¡

A =
2 6

1 2

− 
 − 

gy %gy %gy %gy % A = A I
2  
⇒  

2 6 1 0
A

1 2 0 1

−   
=   −   
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⇒
2 0 1 3

A
1 1 0 1

   
=   

   
C

2
 → C

2
 + 3C

1 
fu:fir djus ij

⇒

1 0 1
3

A 21
1

0 12

   
   =
   
   

C
1
 → 

1

2
C

1 
fu:fir djus ij

⇒

1 3
1 0

A 1
0 1 1

2

− 
   =   − 

 

C
1
 → C

1 
– 

1

2
C

2 
fu:fir djus ij

⇒ I
2
 = AB, tgk¡ B = 

1 3

1
1

2

− 
 
 −
 

vr% A–1 = 

1 3

1
1

2

− 
 
 −
 

mnkgj.k 20-24-mnkgj.k 20-24-mnkgj.k 20-24-mnkgj.k 20-24-   izkjfEHkd iafDr lafØ;kvksa }kjk vkO;wg A dk O;qRØe Kkr dhft,] tgk¡

A = 
10 2

5 1

− 
 − 

gy %gy %gy %gy % A = I
2
A

  
     ⇒   

10 2 1 0
A

5 1 0 1

−   
=   −   

1 1
1 0

A5 10

5 1 0 1

   
−   =

   
−   

R
1
 → 

1

10
 R

1 
fu:fir djus ij

R
2
 → R

2
 + 5 R

1 
fu:fir djus ij]

1
1 0

1 10
A5

1
0 0 1

2

 
   −  =  
   
    

tSlk fd vkO;wg ds ck;sa i{k esa ,d iafDr ds lHkh vo;o '0' gSaA vr% bl vkO;wg dk
O;qRØe ugha gks ldrk] D;ksafd ck;sa i{k ds vkO;wg dks rRled vkO;wg esa ugha cnyk tk
ldrkA

fVIi.kh%fVIi.kh%fVIi.kh%fVIi.kh% D;ksafd |A| = 0, vkO;wg vO;qRØe.kh; gSA

mnkgj.k 20-25-mnkgj.k 20-25-mnkgj.k 20-25-mnkgj.k 20-25-     izkjfEHkd lafØ;kvksa }kjk vkO;wg A dk O;qRØe Kkr dhft, tgk¡

A = 

3 1 2

2 0 1

3 5 0

− − 
 − 
 − 
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gygygygy :  A = I A    ;k  

3 1 2 1 0 0

2 0 1 0 1 0 A

3 5 0 0 0 1

− −   
   − =   
   −   

⇒

1 1 1 1 1 0

2 0 1 0 1 0 A

3 5 0 0 0 1

− − −   
   − =   
   −   

, R
1
 → R

1
 – R

2 
fu:fir djus ij

⇒

1 1 1 1 1 0

0 2 1 2 3 0 A

0 2 3 3 3 1

− − −   
   = −   
   − −   

,

⇒

1 1 1
1 1 0

1
0 1 1 3 2 0 A

2
3 3 1

0 2 3

− − 
−  

   = −  
 −  − 

, R
2
 → ½R

2
 fu:fir djus ij

⇒

1
11 0 0 0

22

310 1 1 0 A
2 2

0 0 4 5 6 1

 
−   

  
 = − 
  
 −      

,

⇒

1 10 01 0
22

31 1 0 A
20 1

2 5 3 1
0 0 1

4 2 4

   −   
   = −   
   −      

, R
3
 → ¼R

3
 fu:fir djus ij

⇒

5 5 1
8 4 81 0 0

3 3 10 1 0 A
8 4 8

0 0 1 5 3 1
4 2 4

− 
   
   − −=   
     −

  

,

vr% A–1 = 

5 5 1
8 4 8

3 3 1
8 4 8

5 3 1
4 2 4

− 
 
 − −
 
 −
  

      ns[ksa vkius fdruk lh[kk 20-6

1. fuEufyf[kr vkO;wgksa dk izkjfEHkd lafØ;kvksa }kjk O;qRØe Kkr dhft, %

(a)
7 1

4 3

 
 − 

(b)
1 6

3 5

 
 − 

(c)
5 10

3 6

 
 
 

R
1
 → R

1
 + R

2
, R

3 
→ R

3
 + 2R

2

fu:fir djus ij

R
1
 → R

1
 + ½R

3
, R

2 
→ R

2
 – ½R

3

fu:fir djus ij

R
2
 → R

2
 – 2R

1
, R

3 
→ R

3
 – 3R

1

fu:fir djus ij
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(d)

1 3 2

3 0 1

2 1 0

− 
 − − 
  

(e)

3 0 1

2 3 0

0 4 1

− 
 
 
  

• iafDr;ksa rFkk LraHkksa ds :i esa O;ofLFkr la[;kvksa ds ,d vk;rkdkj foU;kl dks vkO;wg dgk
tkrk gSA izR;sd la[;k dks vkO;wg dk ,d vo;o dgk tkrk gSA

• ,d ‘m’ iafDr;ksa rFkk ‘n’ LraHkksa okys vkO;wg dk Øe m × n gksrk gSA

• ;fn fdlh vkO;wg dh iafDr;kas dh la[;k mlds LraHkksa dh la[;k ds cjkcj gks] rks mls oxZ
vkO;wg dgk tkrk gSA

• ,d fod.kZ vkO;wg ,slk oxZ vkO;wg gksrk gS ftl esa fod.kZ ds vo;oksa dks NksM+ dj 'ks"k lHkh
vo;o 'kwU; gksrs gSaA

• fdlh Hkh Øe dk ,d bdkbZ vkO;wg mlh Øe dk ,d fod.kZ vkO;wg gksrk gS ftlesa izR;sd
fod.kZ dk vo;o 1 gksrk gSA

• 'kwU; vkO;wg ,d ,slk vkO;wg gksrk gS ftlds lHkh vo;o 'kwU; gksrs gSaA

• nks vkO;wgksa dks leku vkO;wg] dgk tkrk gS ;fn mudk Øe ,d gh gks rFkk muds laxr
vo;o cjkcj gksaA

• fdlh vkO;wg dk ifjorZ mldh iafDr;ksa rFkk blds LraHkksa dks ijLij cnyus ls izkIr gksrk gSA

• ,d vkO;wg A dks lefer vkO;wg dgrs gSa ;fn A′ = A gks] rFkk bls fo"ke lefer dgrs gSa
;fn A′ = _A gksA

• fdlh vkO;wg dh vfn'k ls xq.kk] mlds izR;sd vo;o dks vfn'k ls xq.kk djds izkIr dh tkrh
gSA

• nks vkO;wgksa ¼,d gh Øe okys½ dk ;ksx muds laxr vo;oksa dks tksM+us ls izkIr vkO;wg gksrk
gSA

• nks vkO;wgksa A rFkk  B dk vUrj vkO;wg A rFkk vkO;wg B ds _.kkRed vkO;wg ds ;ksxQy ds
cjkcj gksrk gSA

• nks vkO;wgksa] m × n Øe ds vkO;wg  A  rFkk n × p Øe ds vkO;wg B  dks xq.kuQy m × p, Øe
okyk ,d ,slk vkO;wg gksxk ftlds vo;oksa dks A dh iafDr;ksa ds vo;oksa dks B ds LraHkksa ds
laxr vo;oksa ls xq.kk djds tksM+us ij izkIr fd;k tkrk gSA

• http://www.math.odu.edu/~bogacki/cgi-bin/lat.cgi?c=sys

• https://www.youtube.com/watch?v=lsOsce_7gK8

• https://www.youtube.com/watch?v=lYEdR8-u9qo

• https://www.youtube.com/watch?v=sX6iWfQhM4w

• https://www.youtube.com/watch?v=slgM3nAEozM

C

A1

% + vkb;s nksgjk,¡

lgk;d osclkbV
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1. fuEufyf[kr Øe okys vkO;wgksa esa ls izR;sd ds vo;oksa dh la[;k Kkr dhft,%

(a) 2 × 1 (b) 3 ×  2 (c) 3 ×  3 (d) 3 ×  4

2. ,d 3 × 2 Øe okys vkO;wg dk fuekZ.k dhft, ftlds vo;o a
ij
 fuEufyf[kr :i esa fn;s x;s

gSa%

(a) a
ij
 = i_2j (b) a

ij
 = 3i_j (c) a

ij
 = i+ 

3

2
j

3. vkO;wg dk Øe D;k gS\

(a) A =

2

3

1−

L

N
M
M
M

O

Q
P
P
P

(b) B = 2 3 5

(c) C = 

2 3

1 0

0 1

−

L

N
M
M
M

O

Q
P
P
P

(d) D=
2 1 5

7 6 1

−L
NM

O
QP

4. x, y rFkk z ds eku Kkr dhft,] ;fn

(a)

x   y

z   2

L
NM
O
QP= 

1 2

3 2

L
NM
O
QP      (b)

 x + y       z

        x y 6 −

L
NM

O
QP = 

6 5

6 4

L
NM
O
QP

(c)
x

y

−

+

L
NM

O
QP

2 3

0 5
= 

1

2

z

y z+

L
NM

O
QP       (d)

x y y z

z x y x

+ −

− −

L
NM

O
QP2

 = 
3 4

1 1

−

−

L
NM
O
QP

5. ;fn A = 
1 2

4 2

−L
NM
O
QP  rFkk  B=

2 4

1 4−

L
NM
O
QP  gks] rks Kkr dhft,%

(a) A+B (b) 2A (c) 2A
_
B

6. vkO;wg X Kkr dhft, ;fn

(a)
4 5

3 6−

L
NM
O
QP  + X = 

10 2

1 4

−L
NM

O
QP

(b)
1 3 2

2 0 2

−L
NM

O
QP  + 

2 1 1

1 0 1

−

−

L
NM

O
QP  + X = 

0 0 0

0 0 0

L
NM

O
QP

7. a rFkk b ds eku Kkr dhft, ftlls

3 2 2

1 0 1

−

−

L
NM

O
QP  + 

a b− −L
NM

O
QP

  2  2

      a      b4
 =

6

5

     0        0

  2 +      5a b

L
NM

O
QP

vkb, vH;kl djsa
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8. vkO;wgksa  A =  

1 3

0 2

5 7

L

N
M
M
M

O

Q
P
P
P

 , B =

2 1

1 4

3 7

L

N
M
M
M

O

Q
P
P
P

  rFkk  C=

5 6

7 1

4 1

L

N
M
M
M

O

Q
P
P
P

ds fy, lR;kfir dhft, fd  A+(B+C) = (A+B)+C

9. ;fnA = 
1 1 2

2 3 5

− 
 
 

 rFkk  B =  

1 3

2 4

6 5

 
 
 
  

 gks] rks AB rFkk BA  Kkr dhft,A D;k

AB = BA gS\

10. ;fn A =
1 2

0 0

 
 
 

 rFkk  B = 
0 2

0 1

− 
 
 

 gks] rks AB rFkk  BA  Kkr dhft,A D;k

AB = BA gS\

11. ;fn A =  

1 3 4

1 3 4

1 3 4

− − 
 − 
 − − 

 gks] rks  AA2 Kkr dhft,A

12. ;fn A= 
1 2

3 1

 
 − 

 , B = 
3 1 0

0 1 2

−L
NM

O
QP   rFkk  C=  

−

−

L
NM

O
QP

2 0 3

4 0 3
 gks] rks

A (B+C)  Kkr dhft,A

13. ;fn A =  
1 1

2 1

−

−

L
NM
O
QP  rFkk  B = 

x

y

1

1−

L
NM
O
QP   gks] rks

rFkk  (A+B)2 = A2 + B2 gks] rks  x rFkk y ds eku Kkr dhft,A

14. fn[kkb, fd vkO;wg A = 
−L
NM
O
QP

8 5

2 4

lehdj.k A2 + 4A
_

2I = O dks lUrq"V djrk gSA

Find intverse of the following matrces using elementary transformations:

15.
5 2

2 1

 
 
 

16.
2 5

1 3

 
 
 

17.
3 10

2 7

 
 
 

18.
3 5

2 4

− 
 
 

19.

0 1 2

1 2 3

3 1 1

 
 
 
  

20.

2 0 1

5 1 0

0 1 3

 
 
 
  

21.

2 3 1

2 4 1

3 7 2

 
 
 
  
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ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk 20.1

1.
56 65 71

29 37 57

L
NM

O
QP ; 

56 29

65 37

71 57

L

N
M
M
M

O

Q
P
P
P

2. 
40     35     25

10      5       8

L
NM

O
QP ; 

40 10

35 5

25 8

L

N
M
M
M

O

Q
P
P
P

3.
4 6 3

4 3 5

L
NM

O
QP

4. (a) 6 (b) 12 (c) 8 (d) 12 (e) ab (f) mn

5. (a) 1 ×  8; 2 ×  4; 4 ×  2; 8 ×  1 (b) 1 ×  5; 5 ×  1

(c) 1 ×  12; 2 ×  6; 3 ×  4 ; 4 ×  3; 6 ×  2; 12 ×  1

(d) 1 ×  16; 2 ×  8; 4 ×  4; 8 ×  2; 16 ×  1

6. (a) 4 (b) 5 (c) 4 × 5 (d) 20

(e) a
14

 = 0; a
23

= 7; a
34

 = 
_

3; a 
45

 = 1 rFkk a
33

 = 3

7. (a) 

0 1 2

1 0 1

2 1 0

− −

−

L

N
M
M
M

O

Q
P
P
P

 (b) 

1
1

2

1

3

4 2
4

3

9
9

2
3

L

N

M
M
M
M
M
M

O

Q

P
P
P
P
P
P

 (c)

9 25 49

2 2 2

8 18 32

25 49 81

2 2 2

 
 
 
 
 
 
 

 (d) 

1 4 7

1 2 5

3 0 3

−

−

L

N
M
M
M

O

Q
P
P
P

8. (a)  

4 7

5 8

6 9

L

N
M
M
M

O

Q
P
P
P

(b)

5 10

10 20

15 30

L

N
M
M
M

O

Q
P
P
P

(c)

1 1

2 4

3 9

L

N
M
M
M

O

Q
P
P
P

(d) 

0 1

1 2

2 3

L

N
M
M
M

O

Q
P
P
P

ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk 20.2

1. (a) G (b) B (c) A, D, E rFkk F (d) A, D rFkk F

(e) D rFkk  F (f) F (g) C

2. (a) a = 2,    b =10,   c = 6, d =
 _

2

(b) a = 2,    b =3,     c = 2, d = 5

(c) a = 
3
2

, b = 
_

2,  c = 2, d = 
_

4

3. ugha 4. ugha

mÙkjekyk
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ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk  20.3

1. (a) 
28 8

8 12

L
NM

O
QP (b)

− −

− −

L
NM

O
QP

7 2

2 3
(c) 

7

2
1

1
3

2

L

N

M
M
M

O

Q

P
P
P (d) 

−
−

−
−

L

N

M
M
M

O

Q

P
P
P

21

2
3

3
9

2

2. (a)
0 5 10

15 5 20

−L
NM

O
QP (b)

0 3 6

9 3 12

−

− − −

L
NM

O
QP

(c)

0
1

3

2

3

1
1

3

4

3

−L

N

M
M
M

O

Q

P
P
P (d) 

0
1

2
1

3

2

1

2
2

−

− −
−

L

N

M
M
M

O

Q

P
P
P 3.

7 0

28 14

0 7

− −

L

N
M
M
M

O

Q
P
P
P

4. (a)

15 0 5

20 10 0

5 0 25

−

−

L

N
M
M
M

O

Q
P
P
P

(b)

− −

−

−

L

N
M
M
M

O

Q
P
P
P

12 0 4

16 8 0

4 0 20

(c) 

1 0
1

3

4

3

2

3
0

1

3
0

5

3

               

           

            

−

−

L

N

M
M
M
M
M

O

Q

P
P
P
P
P

(d) 

− −

−
−

L

N

M
M
M
M

O

Q

P
P
P
P

3

2
0

1

2
2 1 0

1

2
0

5

2

5. (a) 
2 4

1 3−

L
NM
O
QP (b) 

4 6

10 8

9 7

L

N
M
M
M

O

Q
P
P
P

(c) 
1 4 6

2 1 9

−

− −

L
NM

O
QP (d) 

1 0 0

0 1 0

0 0 1

L

N
M
M
M

O

Q
P
P
P

ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk  20.4

1. (a) 
3 2

8 4

−L
NM
O
QP (b)

6 3

13 6

−L
NM

O
QP (c) 

3 4

14 8

−L
NM

O
QP (d) 

6 5

19 10

−L
NM

O
QP

2. (a) 
1 3 6

5 3 5−

L
NM

O
QP (b) 

− − −

− −

L
NM

O
QP

1 3 6

5 3 5
(c) 

0 1 9

9 2 10−

L
NM

O
QP

(d) 
− − −

− −

L
NM

O
QP

4 11 15

11 10 10

3. (a)

0 6 3

5 5 3

6 5 7

−L

N
M
M
M

O

Q
P
P
P

(b)

 2       2      3

         1

2        5   

3 7

7

−

−

L

N
M
M
M

O

Q
P
P
P

(c) 

− − −

− −

− −

L

N
M
M
M

O

Q
P
P
P

2 2 3

3 7 1

2 5 7
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(d) 

1 14 9

14 9 8

16 15 14

−L

N
M
M
M

O

Q
P
P
P

4. (a) 

0 0

0 0

0 0

L

N
M
M
M

O

Q
P
P
P

5. (a) 

                  

         

              

2 1 0

1 2 3

4 0 1

− − −

−

L

N
M
M
M

O

Q
P
P
P

 (b) 

0 0 0

0 0 0

0 0 0

L

N
M
M
M

O

Q
P
P
P

(c) 

0 0 0

0 0 0

0 0 0

L

N
M
M
M

O

Q
P
P
P

6. (a)
2 18

6 4

L
NM
O
QP (b) 

15 3

21 27

L
NM

O
QP (c) 

17 21

27 31

L
NM

O
QP (d) 

17 21

5 5

27 31

5 5

− − 
 
 

− − 
  

7. (a) 

2 4

0 3

1 2−

L

N
M
M
M

O

Q
P
P
P

(b) 

−

−

L

N
M
M
M

O

Q
P
P
P

1 2

0 4

1 0
(c) 

1 0 0

6 1 2−

L
NM

O
QP  (d) 

1 6

0 1

0 2

−

L

N
M
M
M

O

Q
P
P
P

 (e)  

1 6

0 1

0 2

−

L

N
M
M
M

O

Q
P
P
P

ge ns[krs gSa fd (A+B)’= B’+A’

8. (a) 
0 2

5 2−

L
NM
O
QP (b) 

−

−

L
NM

O
QP

1 3

0 3
(c)

−

− −

L
NM

O
QP

1 5

5 1
(d) 

−

−
L
NM

O
QP

1

3 7

     8

    

(e) 
−

−

L
NM
O
QP

2 3

8 0
(f) 

−

− −

L
NM

O
QP

5 9

16 3

ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk 20.5

1. AB = −6 ; BA =

0 0 0

4 6 0

2 3 0

− −

L

N
M
M
M

O

Q
P
P
P

, AB ≠ BA

2. AB = 
2 2

1 6−

L
NM
O
QP ;  BA = 

− −

− −

−

L

N
M
M
M

O

Q
P
P
P

3 13 4

1 1 2

2 6 0
 , AB ≠ BA

3. AB = 
ax ay az

bx by bz

L
NM

O
QP ; BA dk vfLrRo ugha gSA

4. BA = 
−

−

L
NM
O
QP

2

1
; AB dk vfLrRo ugha gSA
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5. n ksu ksa AB r Fkk  BA ds vf L r Ro  u gha gSaA AB dk vf L r Ro  b lf y,  u gha gS D;ksaf d A ds L r aHkksa
dh la[lk B dh i af Dr ;ksa dh la[;k ds c j kc j  u gha gSA BA dk vf L r Ro  b lf y,  u gha gS
D;ksaf d B d s L r aHkksa dh la[;k A dh i af Dr ;ksa dh la[;k ds c j kc j  u gha gSaA

6. AB =
0 5

6 15

L
NM
O
QP ; BA =

− −L
NM

O
QP

2 1

4 17
; AB ≠ BA

7. AB =

4     3     7

3     17   24

14  13   17

−

−

L

N
M
M

O

Q
P
P ; BA =

16 8 11

16 11 3

10 21 11

− −L

N

M
M
M

O

Q

P
P
P

; AB ≠ BA.

8. AB =
10 0

0 1−

L
NM

O
QP ; BA =

10 0

0 1−

L
NM

O
QP ; AB ≠ BA.

9. (a) x = 3,  y = _1 (b) x = _1,  y = 2

12. (a) 
−L
NM
O
QP

14

2 6

  18

       
(b) 

−L
NM
O
QP

14

2 6

  18

       
(c) 

2   6

0    3

L
NM
O
QP

(d) 
2   6

0    3

L
NM
O
QP (e) 

5   0

7    8

L
NM
O
QP (f) 

− −L
NM
O
QP

2 3   

9     15

13. (a) 
1 2

4 8

L
NM
O
QP (b) 

1 2

4 8

L
NM
O
QP ; AC= BC

;gka] A ≠ B r Fkk C ≠ O, f Qj  Hkh AC = BC

vFkkZr ~ mHk;f u "B  ' kwU;sr j  xq.ku [kaM  dks lehdj .k ds n ksu ksa i {kksa ls d kV  n su s dk f u ;e

vkO;wgksa esa ykxw u gha gksr kA

 14. (a) 
4 7

9 1−

L
NM
O
QP (b) 

− −

−

L
NM
O
QP

4 7      

14     9
(c) 

−

− −

L
NM

O
QP

1 1

3 1
(d) 

− −

−

L
NM

O
QP

3 8

11 10

(e) 
− −

−

L
NM

O
QP

4 7

14 9

ge n s[kr s gSa f d A(B + C) = AB + AC

 16. x = 
3

3

L
NM
O
QP 18.  (a) u gha (b) u gha (c) u gha
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ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk ns[ksa vkius fdruk lh[kk 20.6

1. (a)
3 11

4 725

 
 − 

(b)
5 61

3 123

− 
 
 

(c) does not exist

(d)

1 2 3

2 4 7

3 5 9

− − 
 − 
 − 

(e)

3 4 3

2 3 2

8 12 9

− 
 − − 
  

vkb, vH;kl djsavkb, vH;kl djsavkb, vH;kl djsavkb, vH;kl djsa

1. (a) 2 (b) 6 (c) 9 (d) 12

2. (a)

− −

−

−

L

N
M
M
M

O

Q
P
P
P

1 3

0 2

1 1

(b)

2 1

5 4

8 7

L

N
M
M
M

O

Q
P
P
P

(c)

5

2
4

7

2
5

9

2
6

L

N

M
M
M
M
M
M

O

Q

P
P
P
P
P
P

3. (a) 3 ×  1 (b) 1 ×  3 (c) 3 × 2 (d) 2 × 3

4. (a) x = 1, y = 2, z = 3 (b) x = 5, y = 1, z = 5 (c) x = 3, y = _3 z = 3

(d) x = 2, y = 1, z = 5

5. (a)  
3 2

3 6

 
 
 

(b)
2 4

8 4

− 
 
 

(c)  
0 8

9 0

− 
 
 

6. (a)
6 7

4 2

−

−

L
NM
O
QP (b)

− −

− −

L
NM

O
QP

3 4 3

3 0 1

7. a = 
3

2
b = 

_ 3

2

9. AB =  
13 11

38 43

L
NM

O
QP ; BA = 

5 10 17

6 14 24

4 21 37

L

N
M
M
M

O

Q
P
P
P

; ABAB ≠ BA

10. AB = 
0 0

0 0

L
NM
O
QP ; BA = 

0 0

0 0

L
NM
O
QP ; AB = BA

11.

0 0 0

0 0 0

0 0 0

L

N
M
M
M

O

Q
P
P
P
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12.

9        1      1

1  4    10− −

L
NM

O
QP 13. x = 1, y = −4.

15.
1 2

2 5

− 
 − 

16.
3 5

1 2

− 
 − 

17.
7 10

3 3

− 
 − 

18.
4 51

2 322

− 
 
 

19.

1 1 0

2 3 4

2 3 3

− 
 − − 
 − − 

20.

3 1 1

15 6 5

5 2 2

− 
 − − 
 − 

21.

1 1 1

1 1 0

2 5 2

− 
 − 
 − 


